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REVIEW—Computational Methods

William D. McNally

Peter M. Sockol

for Internal Flows With Emphasis
‘on Turbomachinery

A review is given of current computational methods for analyzing flows in. tur-

bomachinery and other related internal propulsion components. The methods are

NASA Lewis Research Center,
Cleveland, Ohio

divided primarily into two classes, inviscid and viscous. The inviscid methods deal
specifically with turbomachinery applications. Viscous methods, on the other hand,

due to the state-of-the-art, deal with generalized duct flows as well as flows in
turbomachinery passages. Inviscid methods are categorized into the potential,
stream function, and Euler approaches. Viscous methods are treated in terms of
parabolic, partially parabolic, and elliptic procedures.

Introduction

The subject of internal flows is a very broad and complex
one, encompassing a wide variety of geometries and flow
situations. There are many examples of machinery in which
internal flows play an important part. One such example is the
modern turbofan engine, such as that depicted in Fig. 1. Here
the understanding of internal flows is very important in
predicting the performance of many key components. These
include the inlets and exhaust nozzles at the extremeties of the
engine, the rotating and stationary turbomachinery blade
rows in both the compressor and turbine sections of the
engine, the interconnecting ducts, and the combustor portion
of the engine. In this paper, in order to make the subject more
manageable, we have chosen to treat in detail a subset of the
total class of internal flows. We will be speaking specifically
about flows through turbomachinery blade rows of all types,
as well as viscous flows through ducts of various geometries.

The paper will be divided primarily into descriptions of
inviscid flow methods and then viscous flow methods. In-
viscid flow methods will be described in the context of tur-
bomachinery blade row applications because a large number
of analyses have been developed for these situations. For
viscous flow methods the state-of-the-art is less well ad-
vanced. Here the treatment will be expanded beyond tur-
bomachinery to also encompass duct flows. The analyses
discussed in the paper will also be limited to steady flows.
Although some do have the capability to predict unsteady
flow phenomena, they have been developed primarily as
predictors for steady flows. A wide variety of flow charac-
teristics exist in the various types of turbomachinery. The
objective of the analyses to be discussed later will be to predict
as many of these flow features as possible. First of all, large
axial, radial and cenirifugal pressure gradients exist within the
flow passages due to the turning of the fluid within the blade
rows. Secondly, this turning redistributes the incoming

Contributed by the Fluids Engineering Division for publication in the Jour-
NAL OF FLuIDS ENGINEERING. Manuscript receveived by the Fluids Engineering
Division, December 3, 1982.

6/Vol. 107, MARCH 1985

Copyright © 1985 by ASME
Downloaded 02 Jun 2010 to 171.66.16.64. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

Fig. 1

Pratt & Whitney JT9D turbofan engine

vorticity field and generates cross flows. At higher velocities
strong shocks exist within the blade passages. These can be
complex and interacting, and can in turn generate their own
vorticity fields. These shocks, of course, interact with the
blade surfaces and endwall boundary layers, often causing
separation and additional blade loss.

There are also a wide variety of viscous flow phenomena
existing in the blade passages. Primarily there are the
boundary layers which exist on all blade and endwall surfaces
as well as on the surfaces of midspan dampers. Such bound-
ary layers can have laminar, transitional, and turbulent
regions. When pressure gradients are strong, of course,
separation can also occur. Some separations may experience
reattachment. Finally, there are the wakes which exist
downstream of all blade rows.

The resultant flow picture is extremely complex (Fig. 2),
particularly in multistage turbomachinery. No single analysis
can hope to model all of these flow phenomena. In the

.methods to be described here, a number of approaches are

used to divide this overall problem into one of manageable
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size. We have separated these models into two major groups,
inviscid and viscous analyses. Within these classifications
many other assumptions are made. First, the solution is
usually limited to a single blade row, either stationary or
rotating. Next, for a steady solution, the flow in all blade
passages is taken to be identical. Within a passage the solution
may be limited to two dimensions, on one of two types of flow
surfaces. The first is a meridional surface, an average or mean
flow surface between the suction and pressure sides of the
blade (Fig. 3). The second is a blade-to-blade surface,
generally formed by rotating one of the calculated meridional
streamlines around the blade row in the circumferential
direction. Such surfaces are axisymmetric and may have
radius change from inlet to outlet. Quasi-three-dimensional
effects can also be considered on such a surface by giving it a
thickness which varies in the meridional flow direction from
inlet to outlet.

Finally, a number of decisions can be made in the process
of reducing the full flow equations to a reasonable subset.
Some of the assumptions and approaches used in the past will
be summarized in the following.

Historical Perspective. A number of articles have appeared
in the literature reviewing the methods and theories which
have been used to describe the fluid flow . through tur-
bomachinery [1-7]. These do an excellent job of reviewing the
early work in the field, as well as some of the more recent
approaches.

In the 1950s and 60s, singularity methods were often used
to compute two-dimensional incompressible potential flows
through cascades. These have been reviewed by Gostelow [1],
and Perkins and Horlock [3] and will not be discussed here.

Also in the 50s and 60s classical secondary flow theory was
developed to predict three dimensional incompressible
rotational or vortical flow in cascades. Such methods have
been reviewed by Horlock and Lakshminarayana [2] and
likewise will not be discussed.

In the 60s and early 70s finite difference approaches began
to gain prominence, and were used to calculate two-
dimensional, subsonic, inviscid flows. Both streamline
curvature and stream function approaches were applied on
both meridional and blade-to-blade flow surfaces. These
approaches are reviewed by Gostelow [1], Perkins and
Horlock [3], and Japikse [4]. Stream function methods will be
discussed later.

During the 1970s time-marching solutions of the Euler
equations began to be used to solve both two-dimensional and
three-dimensional transonic flows in blade rows. In the 2D
cases such methods were. applied on both meridional and
blade-to-blade surfaces. Some of these methods are reviewed
by Japikse [4], and Habashi [5]. They will be discussed and
updated in this paper.

Also during the 1970s numerical solutions to the full
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potential equations for two dimensional transonic flow in
turbomachinery began to appear. A great deal of work has
been done to extend such methods to the present time. Early
full potential solutions were reviewed by Habashi [5], and the
later approaches will be discussed and updated here.

During the 70s many of the above methods, as well as some
early viscous approaches, began to be applied to flows in
centrifugal impellers. These methods are reviewed in the
paper by Adler [6] and are also discussed and updated here. In
1977 all of the turbomachinery computational methods to
date were discussed by Klein in an update of Scholz’s classic
work [7]. Finally the state-of-the-art in the computation of a
wide variety of turbulent.flows was addressed at the recent
AFOSR-HTTM-Stanford Conference on Complex Turbulent
Flows [8]. The relevant findings from this conference w1Il also
be discussed.

Grid Generation. Numerical solution of fluid dynamic
problems involves discretizing the governing equations on a
network of points, or grid, throughout the physical domain.
The accuracy of the resultant solution depends to a great
degree on the properties of this grid. The subject of grid
generation has become an active area of research, with many
investigators and many different approaches. Coverage of
this subject is beyond the scope of the present paper. However
a number of reviews of the area have been published recently.
We cite two review articles [9, 10] together with the
proceedings of a conference devoted primarily to grid
generation [11].

Outline of Paper. Inviscid flow methods are considered
first. The Euler equations are introduced, and the difficulties
in solving the primitive variable form are discussed. The
stream function formulation for two dimensional flows and
the scalar potential approximation are both presented, and
the advantages and limitations of each described. The various
methods currently in use for turbomachinery flow analysis are
then reviewed.

The next section considers viscous methods. The time-
averaged Navier-Stokes equations are introduced and the
difficulties associated with their solution are discussed.
Parabolic and partially parabolic approximations are
presented, along with the advantages and limitations of each.
The various methods in use for both turbomachinery and
generalized duct flow analyses are then reviewed.

Finally a short discussion on the status of turbulence
modelling is given. The paper concludes with comments on
future directions.

Inviscid Methods

Euler Equations. The ultimate equations to be solved in
most internal flows are the viscous Navier-Stokes equations.
However, since solving these equations on modern day
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computers is still quite time consuming, they are often
reduced to a simpler form, the Euler equations, by neglecting
the viscous terms.

These equations in two-dimensional, Cartesian, con-
servation law form are as follows:
R M
w}}ere
0 pu ov
pu put+p oUY
U=
ov |, F= puv , G= | ov’+p )
e (e+p)u (e+p)u

p and p are the static density and pressure, ¥ and v are the
Cartesian velocity components in the x and y directions, and e
is the total energy per unit volume. The system is completed
by an equation of state relating p, p, and internal energy e.
These equations permit variation in entropy, total pressure,
and total temperature throughout the field, and cover the
entire range from subsonic to supersonic flows.

In most instances the solution to the first order steady
equations is desired. These equations change character
depending upon the local Mach number. In a totally super-
sonic flow some very efficient methods exist for their
solution. The method of characteristics or a simple marching
procedure are two common approaches. In subsonic domains,
however, no generally accepted method has yet been devised
for solving this system. One approach used for both subsonic
or transonic flows is to reintroduce the time terms to the
equations. The resultant set of equations is everywhere
hyperbolic. A steady solution can be obtained by marching
from some initial guessed flow field through time until an
axymptotic steady-state is achieved.

Over the past fifteen years, a number of algorithms have
been developed for marching the time-dependent Euler
equations to a steady state. The initial conditions give rise to
perturbation waves which move through the field as the
solution progresses in time. The inviscid equations have no
inherent dissipation and, therefore, these waves must either be
radiated from open boundaries or absorbed by the addition of
artificial damping terms. Generally, to reach a steady state
requires a large number of iterations and a long com-
putational time.

A second problem with these equations is the large storage
required on the computer. There are four primitive variables
in 2D, five in 3D, and all four (or five} must be stored in each
grid point. This is a major disadvantage compared to less
general alternative methods, in which only a single unknown
must be stored at each grid point.

A final source of difficulty is in the boundary conditions.
Conditions are required for all of the primitive variables on
each of the boundaries. Some of these are supplied by the
physics of the problem; however, other auxiliary relations
must be obtained, e.g., through application of the method of
characteristics at the boundary. Typically this leads to a rather
cumbersome treatment, and in most methods approximations
are made to the full characteristic relationships.

A number of approaches to solving the full Euler equations
will be surveyed later in this paper. The conventional ap-
proach to circumventing the above difficulties for steady
inviscid flow is to treat a less general problem by defining
either a stream function or a potential function and to solve
the resultant second order equations. )

Stream Function Equation. This equation is derived by

8/Vol. 107, MARCH 1985

postulating that the mass flow components, pu and pv, are
obtained from a scalar function as follows

dy ay

ay ’ pv dx ®)
where ¥ is the stream function.

Substitution of these relations into the definition of vor-
ticity yields a second order equation for ¢ with vorticity a
known function of velocity, e.g., [12]. Extensive experience
exists in the application of relaxation procedures to such
equations. The stream function formulation retains the
generality contained in the full Euler equations. However, it is
limited to two-dimensional or axisymmetric flows, and made
difficult by the fact that the density in the transonic regime is
a double-valued function of the unknown . Solution for ¥ in
the transonic regime is possible, and has recently been ob-
tained by Hafez [12] for an isentropic isolated airfoil ap-
plication. The cascade version of such a development is
currently underway.

A number of different subsonic stream function solutions
have been obtained for meridional plane and blade-to-blade
plane regions. Working in terms of the stream function solves
many of the problems cited previously for the full Euler
equations. The stream function gives a single second order
partial differential equation, for which robust and well un-
derstood relaxation methods exist. These solutions can
therefore be obtained in much less computer time. The
computer storage required is likewise much lower,
necessitating only the storage of the stream function at each
mesh point. Finally, the boundary conditions are more
natural and are smaller in number. Generally Dirichlet
boundary conditions are used at solid surfaces, and either
Dirichlet or Neumann conditions are imposed at open sur-
faces. The solution can be obtained in an order of magnitude
less time than for the primitive-variable Euler equations.

pu=

Full Potential Equations. Another. approach . to cir-
cumventing the problems inherent in the full Euler equations
is to assume that the velocity components u and v are
derivatives of a scalar function, ¢.

U= 6_(,0 , U= 32 4)
ax oy
Such a flow is automatically isentropic with constant total
temperature and zero vorticity (irrotational). Substitution of
these relations into the continuity equations yields a second
order equation in ¢.

As with the stream function, the potential equation can be
solved by efficient relaxation techniques, and requires storage
of only a single variable. Furthermore, it permits the solution
of three-dimensional as well as two-dimensional flows. The
primary disadvantages are the limitation to isentropic and
irrotational flows. The isentropic assumption implies that
shock waves captured in the transonic regime must be limited
in Mach number to a value less than 1.3. The irrotationality
condition requires a uniform incoming flow in two-
dimensional situations, and a free vortex condition in three-
dimensional turbomachinery flows.

The potential equation will admit the existence of
discontinuities in the flow field. However, these discon-
tinuities are isentropic shocks, which do not represent true
physical shock waves because they do not satisfy the Rankine-
Hugoniot jump conditions. However, these shocks will be
approximately of the proper strength and will exist in the
proper position in the flow field if the Mach number of the
flow approaching the shock is less than or equalto 1.3.

With regard to boundary conditions for the potential
function, Neumann or mixed conditions will exist at solid
surfaces, and either Dirichlet or Neumann conditions at open

_ surfaces. These are easier to incorporate than the more

complicated conditions for the Euler equations.
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Analyses for the inviscid equations are described next.
Methods for the potential equation will be covered first,
followed by those for the stream function equation, and
finally those for the Euler equations. In most cases the
solutions have been obtained on curvilinear meshes such as
those discussed above.

Potential Equation Analyses

A great deal of progress has been made in the last ten years
in the development of solutions to the potential equation. At
the beginning of this period Murman and Cole [13]
demonstrated a way to properly account for the domain of
dependence in supersonic regions by introducing a special
backward or upwind differencing. This had the effect of
stabilizing solutions and permitting the first real transonic
flow calculations using the small disturbance potential
equation.

Several major advances were also made by Jameson. The
first of these [14] generalized the concepts introduced by
Murman and Cole to the full potential equation in non-
conservation form. Solutions to the equation in this form now
routinely use Jameson’s rotated difference scheme, which
introduces artificial damping in the supersonic region. Hafez
et al. [15] later introduced the concept of artificial com-
pressibility to accomplish the same objective when the con-
servation form of the full equation is used. In this case the
density is evaluated upstream of the point at which it is ap-
plied, in order to stabilize the solution in the supersonic zone.
Jameson [16] also proposed a method for introducing ar-
tificial damping when the conservation form of the potential
equation is used.

A number of different authors, applying these numerical
techniques, and using either finite difference, finite area (or
volume), or finite element methods to discretize the potential
equation have devised stable and accurate methods for solving
2D transonic flows on the blade-to-blade surfaces of tur-
bomachinery.

Many of these analyses also incorporate quasi-3D effects
through radius change and stream channel convergence. A
number of three-dimensional. applications of these methods,
not only to turbomachinery problems but also to propeller,
wing-body, and nacelle problems, are under development.

Journal of Fluids Engineering

Discretizing the Equation. There are several ways in which
the equation is discretized to obtain a set of algebraic
equations for solution. The three major approaches are: finite
differences, finite areas or volumes, and finite elements.

In the finite difference method the terms in the partial
differential equation are discretized using standard central
and backward (or upwind) differencing. The resultant system
of algebraic equations is solved by standard techniques. This
approach was applied in the early work of Dodge [17], Ives
[18, 191, and Rae [20]. More recently this method has been
used by Caspar [21, 22], who applies it to discrete areas
throughout the physical domain.

The finite volume approach is a hybrid between a finite
difference method and a finite element method, with more of
the latter. In this method, a local transformation is done on
each of the volumes which discretize the flow field. The
unknowns and the coordinates are then represented by some
functional representation on each of these discrete volumes.
This method is described more fully in the paper by Caughey
and Jameson [23], and has been applied recently in the
analyses of Dulikravich [24, 25], Farrell and Adamczyk [26],
and Fruhauf [27].

The third approach is the finite element method. In this
method the physical space is discretized with triangular or
quadrilateral shaped elements generated in an arbitrary
fashion. The potential function is approximated within each
element by a linear combination of mesh point values for the
function based on locally defined shape functions assigned to
the element. One of the standard weighted residuals methods,
usually the Galerkin method, is then used to reduce the partial
differential equation to an algebraic system which is solved
directly during each iteration.

Finite element methods have been used extensively in the
blade-to-blade calculation methods of Laskaris [28, 29], Ecer
and Akay [30, 31}, and Hirsch and Deconinck[32]. The
Laskaris work is primarily subsonic, with a three-dimensional
application presented in [29]. The Ecer and Hirsch algorithms
have been extended to the transonic range for turbomachinery
applications.

Stabilization in the Supersonic Zone. As mentioned
previously, there are two principal techniques which are used
to stabilize the solution in the supersonic zone, the artificial
viscosity approach of Jameson [14], and the artificial com-
pressibility approach of Hafez et al. [15]. The intent of these
approaches is to modify the differencing in the critical flow
regions such that the grid points contributing to the solution
at a given point lie primarily within its zone of influence.
Jameson’s rotated scheme identifies both hyperbolic and
elliptic operators in supersonic zones. Upwind differences are
used for the former and central differences for the latter. This
has the effect of introducing an artificial viscosity to the
solution procedure, which assures its stability in supersonic
regions. This artificial viscosity approach is employed
principally by investigators using the nonconservation form
of the full potential equation, Dulikravich [24], Ives [18], Rae
[20}], and Fruhauf [27]. Dodge [17], who also solves the
nonconservation form, constructs hyperbolic and elliptic
operators on a near-characteristic grid, updated during the
course of calculation. The artificial compressibility scheme of
Hafez, which achieves the same objectives as the artificial
viscosity approach, has been employed by investigators
solving the conservation form of the full potential equation,
Caspar [21], Farrell [26], Ecer [30], and Hirsch [32].

Solution of the Algebraic Equations. Several different
techniques have been used to solve the algebraic system. The
first, and most common, is successive line over relaxation
(SLOR). This is employed by Farrell [26], Dulikravich [24,
25], Ives [18, 19], Fruhauf [27], Rae [20], and Hirsch [32].
Other approaches employ a direct solver, typically Gaussian
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elimination, as the noniterative part of an overall solution
scheme. Ecer [30, 31], Laskaris [28, 29], and Caspar [21, 22]
employ this approach. The final method is approximate
factorization or ADI, as applied by Holst [33, 34]. This
approach can be an order of magnitude faster than traditional
relaxation. However, it has only been applied to tur-
bomachinery problems by Hirsch [32].

Another approach for solving the difference equations even
more rapidly than approximate factorization is the use of
multi-grid techniques. Such techniques were demonstrated for
external flow applications by South and Brandt [35] and
Jameson [36], who extended the methods initially developed
by Brandt [37}. To date Hirsch {32} is the only one to apply
the multi-grid approach to the solution of the potential
equation for turbomachinery.

Results for Potential Equation. The results presented are
for 2D and quasi-3D blade-to-blade stream surfaces, as well
as complete 3D flow passage analyses. Most of the references
discussed do an excellent job of predicting transonic flows in
compressor and turbine blade rows with Mach numbers below
1.3.

Results of Farrell [26] are shown in Fig. 4 for a supercritical
compressor stator tip section designed for NASA Lewis by
Sanz using a hodograph technique based on Bauer et al. [38].
The trailing edge of this blade ends in a cusp. The inlet Mach
number is 0.71, and inlet flow angle 31.16 deg. The results
show good agreement with the hodograph solution with some
evidence of a weak shock in the recompression region. This
might have been more pronounced with a finer grid.

The results shown in Fig. 5 were obtained by Hirsch [32]
using a finite element blade-to-blade code. They show Mach
number calculated for a VKI-LS59 gas turbine cascade. The
inlet Mach number is 0.281, inlet flow angle 30.0 deg, outlet
Mach number 0.975, and outlet flow angle —65.89 deg. The
stream channel convergence in the through flow direction is
unity. The comparison with experimental data in this ac-
celerating flow situation is extremely good, even in the
transonic region at the rear end of the blade.

Finally, results computed with the 3D code of Dulikravich
[25, 39] are presented in Fig. 6. These are for an idealized
rotor with upstream axial Mach number of 0.62 and

rotational speed of 1000 rpm. This corresponds to an up-
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stream relative tip Mach number of 0.87. Hub and tip radii
were one and two meters, respectively. The code cannot treat
cases with supersonic upstream flow relative to the rotor.
Regions of supersonic flow are present on all blade surfaces
from hub to shroud, with fairly strong shocks in the tip
region. Peak Mach numbers reach values of approximately
1.5 at the tip. Two grids were used to obtain this solution,
with coarse grid results interpolated to provide initial values
on the fine grid. The coarse grid used 24 points around the
blade by 6 normal and 6 radial and the fine grid used double
those mesh dimensions in all directions.

Stream Function Equation Analyses

Stream function equation applications to turbomachinery
occurred about ten years prior to those for the full potential
equation. A major development paving the way for analyses
of turbomachinery flows was the series of early papers by W,
particularly [40], which derived the stream function equations
for hub-to-shroud and blade-to-blade stream surfaces of
turbomachinery. Derivation of the equations on.the two
intersecting surfaces is complex, and the reader is referred to
details in Wu and the other references to be given.

Historical Development and Applications. The two earliest
developers of stream function analyses for turbomachinery
worked independently, Katsanis in the United States and
Marsh in England. Katsanis [41] published a method for
isentropic blade-to-blade flows applicable to any fixed or
rotating axial, radial or mixed. flow turbomachinery blade
row. Quasi-3D effects were incorporated through a stream
channel thickness. Wood [42] has since devised methods for
extending Katsanis’s approaches. into the low. transonic
region. Katsanis and McNally [43] also published anlayses for
slotted or tandem blade rows, as well as a method [44] to
magnify the solution around the blade edges.

Marsh [45] developed a stream function analysis. for. hub-
shroud surfaces. His non-rectangular. grid was composed of
parallel lines in the radial direction and through-flow lines
following the shape of the hub and shroud boundaries. This is
in contrast to the rectangular grid employed by Katsanis.
Marsh’s technique also applied to axial, radial and mixed
flow turbomachines. Smith [46] contrasted results from
Marsh’s code to those of established streamline: curvature
methods, and showed significant advances in the calculation
of quasi-3D flows using stream function methods.

In 1970 Smith [47] and Frost applied. these: methods to
compute flow on general blade-to-blade. stream  surfaces.
Smith [48] also described both the meridional and the blade-
to-blade analyses in use at N.G.T.E. This: was- the. first
description of the meridional and blade-to-blade methods
used together.

Other codes for both hub-to-shroud:and: blade-to-blade
analyses were developed at Carleton University by Davis and
Millar [49-52]. In 1975 Davis [53] presented the. first hub-to-
shroud stream function solution forflow:in:-a centrifugal
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compressor. He used a special form of through-flow grid
which remained quasi-orthogonal throughout the solution
domain. Davis also incorporated a turbulent endwall
calculation, using an integral method based on the en-
trainment theory of Head [54].

In 1974 Katsanis and McNally [55] described their hub-to-
shroud stream function code for use with the blade-to-blade
analysis of [41]. This code applied to single axial or mixed
flow compressor and turbine blade rows. In 1977, the same
authors [56, 57] extended this code to radial or centrifugal
blade rows.

Marsh in 1976 [58] compared his stream function method to
streamline curvature techniques for the hub-shroud problem.
He concluded that both these techniques could be viewed as
two methods for solving the same governing equations on the
same mean surface, but did not find any definite superiority
of one method over the other.

Multi-Surface Iterative Approaches. In 1976 Bosman [59],
presented an iterative approach to couple hub-to-shroud and
blade-to-blade analyses. Locations of the axisymmetric blade-
to-blade surfaces are taken from streamlines on a single hub-
to-shroud surface. The blade-to-blade solutions are then used
to redefine the hub-to-shroud surface. This process is iterated
to convergence. Bosman applied his techniques to calculate
flows in a low speed centrifugal compressor and a radial
inflow turbine.

A second, more elaborate iterative procedure was described
by Adler and Krimerman [60-62]. The method is initiated by
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normal applications of meridional and blade-to-blade
calculations on axisymmetric stream surfaces. A number of
different hub-to-shroud stream surfaces are then obtained
from corresponding streamlines in the blade-to-blade sur-
faces. Multiple hub-shroud solutions are then used to obtain
blade-to-blade surfaces by connecting corresponding
streamlines. These surfaces are no longer axisymmetric.
Iteration between the two families of surfaces is continued to
convergence. Adler applies this technique to a centrifugal
impeller, and shows that the results clearly deviate from those
obtained using a single meridional surface.

Hirsch [63] presented the first solution of the meridional
stream function equation based on the finite element method.
Later, Hirsch developed an iterated analysis [64] in which
meridional and blade-to-blade finite element analyses were
combined for application to axial turbomachinery. Second-
order isoparametric quadrilateral elements were used to
permit accurate simulation of blade curvature. Results
compared favorably with the LDV data obtained by DFVLR
in Germany [65]. In 1980 Hirsch [66] presented an iterative
analysis for centrifugal compressors, and applied it to the
radial compressor mapped with LDV by Eckardt [67). The
viscous and secondary flow effects were not well reproduced
with the through-flow calculations particularly in the back
end of the compressor. Hirsch also presented a quasi-3D
calculation on the Type-B centrifugal compressor described in
reference [68]. Figures 7 and 8 show caiculated and ex-
perimental static pressure distributions on the hub and shroud
sections for a flow coefficient of 0.5. The inviscid calculations
predict a stronger local acceleration along the shroud suction
surface than experimentally determined. ’

Finally, in 1980 Goulas [69] presented a stream function
analysis for the blade-to-blade flow in a centrifugal com-
pressor with splitter blades. The analysis can either calculate
isentropically, or simulate turbulent flow with the addition of
a simple turbulence model. The method treats stagnation
points as well as the formation of small recirculation zones at
the front of the splitter blades. The method was applied to a
centrifugal compressor, and various axial locations for the
leading edge of the splitter were studied.

Multi-Stage Meridional Capability. Of the methods just
described for anlayzing hub-shroud flow with stream function
analyses, the methods of Marsh [45], Smith [48], Davis [49,
51], and Hirsch [63, 64] all permit the analysis of multi-stage
machines. The method of Davis, however, was only
demonstrated [49, 51] for a single full stage machine. On the
other hand, the methods of Katsanis [55, 56], and Bosman
{59] apply to a single blade row.

Transonic and Three-Dimensional Flows. Recently Hafez
[12] has extended the solution of the stream function equation
to transonic flows by using techniques developed for the
potential equation. His methods circumvent the fact that the
density is not a unique function of the mass flux, having both
subsonic and supersonic solutions. The method is applied to
transonic flows over a NACA 0012 airfoil, a 10% parabolic
airfoil, and a cylinder. These results are compared to both
potential and Euler solutions. Hafez has likewise investigated
the application of stream function methods to three-
dimensional flows through the use of two stream functions.
This work is ongoing.

Euler Equation Analyses

Explicit Time Marching Methods. Explicit solutions to the
Euler equations have been under development for a number
of years, with applications for internal flow situations dating
back to the 1950s. An explicit method is one in which all
spatial derivatives are evaluated using known conditions at an
old time level. The resultant methods are simple and easy to
code. All such methods, however, are limited by the so-called
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Courant, Friedrichs, and Lewy (CFL) stability limit, which
states that the domain of dependence of the numerical scheme
must contain the domain of dependence of the original
equations.

MacCormack [71] introduced a two-step predictor-
corrector method, which alternates between forward and
backward differencing on the two steps. The ease with which
this method can be applied has led to many applications in the
turbomachinery field. An early application of the Mac-
Cormack scheme by Gopalakrishnan and Bozzola [72] was
for a transonic compressor cascade with supersonic inlet and
subsonic outlet. Kurzrock and Novick [73] have applied this
scheme to a rotating blade-to-blade stream surface, with
radius change and stream channel convergence. They
calculated transonic flow in a 2D compressor cascade and also
flow on a quasi-3D stream surface of a compressor rotor.
Thompkins [74] has applied the MacCormack algorithm to
flow through a three-dimensional transonic compressor rotor.
Calculations can be made for any general blade shape, in-
cluding those with part-span shrouds. Computed results will
be presented later.

Another set of explicit methods is obtained by writing the
conservation laws in integral form and applying them to local
control volumes surrounding each grid point. The fluxes of
mass, momentum, and energy crossing the control surfaces
are evaluated using the values from surrounding points. A
first order integration in time is then used to advance the
dependent variables forward to a steady state. McDonald [75]
applied this approach to 2D transonic flow in axial turbine
cascades. His method includes the use of hexagonal elements
surrounding each grid point and the replacement of the energy
equation by assuming constant total enthalpy. Computed and
experimental results were compared for a number of high-
turning turbine cascades with supersonic exits.

Denton [76-78] has developed a somewhat simpler method
for both 2D and 3D turbomachinery flows. Denton employs
quadrilateral elements in two dimensions and six-sided
elements in 3D, which lead to simpler expressions for his
surface flux integrals. In order to ensure stability he uses
upwind differencing in the streamwise direction for the fluxes
of mass and momentum, while using downwind differencing
for pressure. Central differencing is used for all quantities in
the pitchwise direction. This scheme has the property that
stability depends only on the axial Mach number, as opposed
to the absolute Mach number. This method has been applied
to a wide variety of both axial and mixed flow compressor and
turbine geometries.

Bosman and Highton [79] have developed a method for 3D
flows which employes two overlapping grids with density and
internal energy evaluated at one set of nodes and velocities
evaluated at the second set. Primitive variables are updated in
a sequential fashion. The method has been applied to both
radial inflow turbines [79] and to centrifugal compressor
impellers [80].

Recent efforts have been devoted to improving both the
accuracy and the speed of explicit methods. One example is
Moretti’s A-scheme [81] which exploits concepts from the
method of characteristics. The Euler equations are rewritten
so that the right-hand sides involve derivatives of one-
dimensional Riemann invariants. These derivatives are ap-
proximated by one-sided differences in characteristic
directions and unknowns are updated in time by a two-step
predictor-corrector scheme. This results in improved accuracy
as evidenced by very sharp shocks captured with modest
numbers of grid points. The method produces isentropic
shocks unless it is corrected with a shock fitting procedure, as
in De Neef and Moretti [82]. A modified version has been
applied to simple compressor and turbine cascades by Pan-

dolfi and Zannetti [83]. A similar method to the A-scheme has .

been developed by Chakravarthy et al. [84].
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Ni [85] has developed a new method that is equivalent to the
second-order Lax-Wendroff procedures (see Richtmyer and
Morton [86]). By spatially varying the time-step to be

-everywhere near the CFL limit, a significant increase in

overall speed is obtained. In addition, this effectively biases
the differencing such that the numerical scheme has a domain
of dependence close to that of the underlying hyperbolic
system. Ni’s method has been coupled with a multiple-grid
procedure which greatly speeds convergence to a final steady
state. Applications in [85] were for transonic flow in a turbine
cascade as well as an axisymmetric nacelle with centerbody.

Improved convergence rates can also be obtained by adding
pseudo-unsteady terms to the steady equations. When
properly constructed, these artificial terms can introduce a
strong internal damping into the resulting unsteady system.
Essers [87] added artificial unsteady terms to the continuity
and irrotationality equations. This results in two equations in
the unknown velocities, with density obtained from the
isentropic relationship. These equations are solved by a
predictor-corrector scheme. Results are presented for two-
dimensional flow through a turbine rotor blade section with
supersonic exit.

Another pseudo-unsteady method has been developed by
Viviand and Veuillot {88, 89]. The energy equation is replaced
by constant total enthalpy, and the pressure expressed as a
function of density and velocity. The reduced system is solved
by a predictor-corrector scheme. Since the system has no
unusual damping mechanism the method relies on careful
treatment of waves at the boundaries in order to reach a
steady state. A three-dimensional version has been developed
by Brochet [90, 91] and applied to flow in a supersonic
compressor cascade with converging endwalls and to tran-
sonic flow in a fan rotor.

Implicit Time Marching Methods. Implicit time-marching
methods for both the Euler and the Navier-Stokes equations
date from the mid-1970s. In these methods the equations are
backward differenced in time, and the nonlinear terms at the
new time are linearized about their values at the previous time
level. Introduction of differences gives a large system of
algebraic equations for the unknowns at the new time level. In
each of the methods to be discussed here, these equations are
solved by block alternating-direction-implicit (block ADI)
techniques.

The first of these methods was introduced by Briley and
McDonald [92, 93], primarily for the compressible Navier-
Stokes equations. Beam and Warming [94] independently
developed a similar method for the Euler equations. Briley
and McDonald [95] have since shown that when the Beam and
Warming algorithm is written in the ‘‘delta’’ form to solve for
the corrections to the unknowns, the two methods have
identical matrix structures.

Steger [96, 97] has developed a curvilinear coordinate
version of the Beam-Warming algorithm for viscous as well as
inviscid flows, and has applied it to both isolated airfoils and
cascades in two dimensions. Shamroth et al. [98] have applied
the Briley-McDonald procedure to laminar and turbulent flow
through a cascade. Finally, Fruhauf [27] has applied the
Beam-Warming algorithm to solve the Euler equations for
both subsonic and supercritical flow through cascades.

New Methods Under Development. A number of methods
are under development in order to achieve more accurate and
faster solutions for the Euler equations. Delaney- [99] has
developed a hopscotch method for solving the Euler equations
for application to cascades.” The method appears to be
significantly faster than the original MacCormack algorithm.

Denton [100] has extended: his earlier Euler method by
employing a simpler more accurate differencing scheme. He
has also increased the convergence speed through the use of a
simple multiple-grid procedure. He has applied the method to
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Fig. 9 Measured Mach number contours near tip of NASA transonic
compressor rotor—after Chima [105)

PRI

ROTATION

Fig. 10 Calculated Mach number contours near tip of NASA transonic
compressor rotor—Thompkins method—after Chima [105]

2D transonic flow in both compressor and turbine blade rows.
Johnson [101] has developed a new technique in which the
first-order steady Euler equations are imbedded in a second-
order system. Published results to date include both sub-
critical and supercritical flow in a two-dimensional channel
with a bump on one wall.

Both Ecer and Akay [102] and Lacor and Hirsch [103] have
developed methods for solving the steady Euler equations.
The velocity is split into potential and rotational parts and the
system of equations is reduced to a second order equation for
a potential function and a pair of first order convective
equations describing the evolution of two scalars which
together determine the rotational part of the velocity field.
Both methods employ- finite element techniques. Ecer has
analyzed 2D transonic flow in a channel with a bump and
flow around a 2D cylinder. Hirsch calcualted 3D flow in a
rectangular elbow with 90 deg of turning.

Finally Chang and Adamczyk [104] have developed a new
semi-direct algorithm for computing three-dimensional in-
viscid shear flows. The velocity and density fields are
evaluated for known vorticity, total enthalpy and entropy
from the solution of a pair of Poisson equations by three-
dimensional, fast, direct solvers. The vorticity, total enthalpy
and entropy are updated by solving convective equations for a
pair of scalars. In the present work, finite difference
procedures are used throughout. To date the method has been
applied to study the development of inviscid shear flows in
turning channels.

Applications of Euler Methods. Results are presented to
indicate the kinds of calculations which are being performed
with the Euler methods. Thompkins’ code [74] has been
applied at NASA by Chima and Strazisar [105] to calculate
the three-dimensional flow in a transonic axial compressor
rotor for which laser anemometer measurements were also
obtained. Figure 9 shows Mach number contours for the
measured results at a section 15A from the tip of the blade.
These results can be compared to the calculated contours at
the same location in Fig. 10. These figures indicate a
pronounced bowwave and passage shock system, and show
good agreement between the measured and calculated results
for this feature.

The method of Ni [85] has been applied to flow past a VKI
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Fig.12 Mach number contours for VKI turbine rotor—after Ni [85]

gas turbine rotor blade, and compared to data by Sieverding
[106]. Figure 11 presents calculated and experimental surface
Mach numbers for this turbine rotor. The agreement is ex-
cellent on both blade surfaces. Figure 12 indicates the mesh
used in the calculation and shows the calculated Mach number
contours.

Viscous Methods

Full Viscous Equations. Most flows of engineering interest
are adequately described by the compressible Navier-Stokes
equations. These equations, in two-dimensional conservation
form and Cartesian (x, y) coordinates, are written

oU o8F aG odR 23S

at  dx dy ox Iy
where U, F, and G are the same as for the Euler equations,
and

(&)
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Here u is the viscosity coefficient and « is the coefficient of
thermal conductivity.

These equations are valid for turbulent flows, but such
computations are impractical today due to the large range of
length scales in the turbulent spectra. The equations are
replaced by time-averaged equations and the Reynolds
stresses, e.g. —p u’v’, are modelled through the addition of
auxiliary algebraic or differential relations. If an ‘‘eddy
viscosity’’ model is adopted for the Reynolds stresses, the
above equations will hold for the mean fluid variables p, #, 0,
é, with u and « replaced by their effective turbulent values.
For practical engineering flows with curved boundaries, the
Cartesian equations are transformed to curvilinear body-
fitted coordinates and, for steady flows, the time derivatives
are often retained as an aid in the solution process. The
resulting equations are quite difficult to solve for a number of
reasons. First, many disparate length scales must be resolved,
e.g., those associated with boundary layers and shock waves.
This requires a large number of grid points even for a
minimum description. Second, a large number of quantities
are needed at every grid point. For example, in three-
dimensional flow, one might need five primitive variables,
two turbulence properties, and nine or more metric
derivatives. Hence a very large computer memory and long
running times are needed. Third, the numerical problems
associated with the Euler equations are still present. One such
problem often occurs when the local cell Reynolds number,
pulx/pu, exceeds 2 and the solution becomes either unstable or
highly inaccurate. The common *‘fix”’ of locally switching
from central to first order upwind differencing of the con-
vective term can introduce excessive numerical diffusion.

Many techniques have been developed over the years for
viscous problems which solve simpler sets of equations. We
consider only those for steady flows, and group them into two
categories.

Partially Parabolic Approximation. The partially parabolic
approximation assumes the existence of a main flow direc-
tion, known a priori. In general, flow separation is excluded.
The viscous terms are simplified by neglecting diffusion in
this direction. This is much like the boundary layer ap-
proximation. In two dimensions, if x is the flow direction, R,

" 7,y, and dv/ 0 x are set to zero in equations (5) to (7). For three
dimensions see Caretto, Curr, and Spalding [107]. One
variable, usually the pressure, is treated as elliptic and stored
at every grid point. The remaining variables, e.g., #, v, € in
2D, are treated as parabolic and stored on only two or three
cross-sections at a time. Given an approximate pressure field
the momentum and energy equations are marched in the flow
direction and the variables are corrected locally to satisfy
continuity. After each marching sweep, the pressure field is
updated by solving an elliptic equation on the entire grid. This
sequence of marching followed by pressure update is repeated

14/Vol. 107, MARCH 1985

until convergence. The approximation is applicable to many
internal flows including those in turning ducts and tur-
bomachinery blade rows as long as the details of the flow in
the leading and trailing edge regions are not critical and
separation is negligible.

Fully Parabolic Approximation. The fully parabolic ap-
proximation uses the same assumptions as the above with
regard to the main flow direction and the neglect of
streamwise viscous diffusion. In addition, upstream trans-
mission of pressure disturbances generated during the
calculation is assumed negligible. An initial pressure field,
stored on the full grid, is assumed to contain all of the effects
of boundary curvature. The remaining variables are stored on
only two or three cross sections at a time. The momentum and
energy equations, or an equivalent set, are marched once in
the flow direction, and the variables are corrected at each
cross section in order to satisfy continuity. This procedure
should be applicable to flows in duct-like geometries with
moderate turning in the absence of streamwise separation.
Since only a single marching sweep is employed, these
computations should be orders of magnitude faster than time
marching procedures.

Both parabolic approximations are capable in principle of
predicting strong secondary flows provided local continuity is
well satisfied. Both can also treat modest amounts of
streamwise separation if the Flugge-Lotz and Rehyner ap-
proximation is adopted, i.e., streamwise velocity is artificially
prevented from becoming negative in the convective term
only.

Methods are now discussed in each of the above categories
starting with the fully parabolic approximation. Within each
category, the main elements of a solution procedure are
presented along with the distinguishing features of each
method.

Fully Parabolic Methods

Main Parabolizing Assumption. All of the methods in this
category require an additional assumption, beyond the neglect
of streamwise viscous diffusion, in order to obtain'a fully
parabolic system. In the usual procedure a bulk pressure
correction, p.., uniform over each cross section, is introduced
into the streamwise momentum equation and determined so
as to ensure the correct total mass flux. The cross flow
equations retain a separate pressure correction p. which is
permitted to vary over the cross section. This procedure is
employed by Patankar and Spalding [108], Briley [109], Ghia
et al. [110], Roberts and Forester [111}, and Briley and
McDonald [112].

A different procedure is employed by Anderson [113] in 2D
and Anderson and Hankins [114] in 3D. The equations are
parabolized by writing them in an intrinsic coordinate system
which could be obtained for example from an incompressible
potential flow solution. The assumption of small: velocities
normal to the streamwise grid lines eliminates convective
derivatives and viscous terms in the transverse momentum
equations. The resulting system is fully parabolic with
characteristic surfaces coincident with the cross-planes.
Hence, no bulk pressure correction is required.

Satisfaction of Local Continuity. To satisfy local con-
tinuity, Patankar and Spalding [108] introduce approximate
relations between the velocities and pressure corrections
obtained from the transverse momentum equations. Sub-
stitution into continuity gives a 2D elliptic equation over the
cross-section. Another approach, adopted by Briley [109] and
Ghia et al. [110], assumes a 2D potential ¢ for the transverse
velocity corrections. Continuity yields a 2D elliptic equation
for ¢ in the cross-plane, and the divergence of the transverse
momentum equations provides a second elliptic-equation for
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Fig. 13 Computed and measured axial velocity profiles after 77.5 deg
turning in circular arc square duct—after Kreskovsky [118]

the pressure correction. Roberts and Forester [111] work
directly with the divergence of the transverse momentum
equations which gives a 2D elliptic equation with a source
term related to the non-satisfaction of local continuity. This
equation is solved iteratively with the momentum equations
until continuity is satisfied. This technique is related to that of
Harlow and Welch [115] for 2D time-dependent flows. Briley
and McDonald [112] split the transverse velocity into
irrotational and rotational parts described by a 2D potential ¢
and stream function ¥, respectively. Substitution into con-
tinuity and the definition of streamwise vorticity w, gives 2D
elliptic equations for ¢ and . The latter is solved coupled
with the transport equation for w; which replaces both
transverse momentum equations. Anderson [114] uses the
same splitting as Briley and McDonald and solves for ¢, y,
and w,. However, the Poisson equation for pressure p is
added to the system.

Approximation by Algebraic System. All of the methods
use finite difference techniques to approximate the viscous
equations by an algebraic system. First order upwind dif-
ferences are used in the main flow direction and second order
central differences in the cross-plane. Within this common
framework, a few variations deserve comment. Patankar and
Spalding [108] use a staggered grid similar to that of Harlow
and Welch [115]. Velocity components and pressures are
stored at different locations within a grid cell in order to
simplify differencing of the convective terms. The other
methods store all variables at common locations within the
grid. For large transverse velocities both Patankar and
Spalding [108] and Ghia et al. [110] switch to upwind dif-
ferencing in the cross-plane. Roberts and Forester [111] add
explicit focal damping to deal with this problem. The other
methods have not encountered this problem. Anderson [113]
in his 2D method applied Keller’s box scheme to a system of
first order partial differential equations.. In the current
version [114] for 3D flows, a system of second order
equations with differencing similar to the other methods is
employed.

Solution of Algebraic System. To solve the algebraic
equations at each cross-section, Patankar and Spalding [108]
obtain provisional velocity components from the momentum
equations by an ADI technique, and the bulk correction p,
from a global mass balance over the section. The local
correction p. is obtained from the 2D elliptic equation by
several ADI sweeps, and the velocities are corrected using the
approximate velocity-pressure correction relation. Finally, the
energy equation is solved-by ADI. The procedures of Briley
[109] and Ghia et al. [110] are similar to the above, except that
D, is determined iteratively with the streamwise velocity, and

the 2D elliptic equations for ¢ and p. are solved by point .

SOR. Roberts and Forester [111] follow a sequence similar to
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that of Briley, without the equation for ¢. However, the entire
sequence is repeated iteratively at each cross-section using
updated pressures in the momentum equations until con-
vergence is achieved. Briley and McDonald [112] solve for the
streamwise velocity, density, and total enthalpy with a
coupled block ADI technique and iterate to determine p,.
Scalar ADI is then used to find the potential . Finally, a
coupled block ADI scheme is used to find ¢ and w,. Anderson
[114] solves a fully coupled system for primary velocity, ¢, y,
wq, p, and total enthalpy. Point SOR is used at present with 6
X 6 block inversion at each point.

Application of Methods. The methods of this section have
been applied to a variety of flows. Patankar and Spalding
[108] have analyzed developing laminar flow in a square duct
with a moving wall [108] and in a round turning duct [116].
Briley [109] calculated the developing laminar flow in rec-
tangular ducts and included the effects of transverse
buoyancy. The method of Ghia et al. [110] has been applied to
developing laminar flow in straight ducts of polar cross-
section [110] and to turning ducts of rectangular cross:section
[117]. Roberts and Forester [111] computed the turbulent
flow in a rectangular-to-round diffusing transition duct.. The
method of Briley and McDonald [112] has been used for
laminar flows in a turning duct similar to a turbine blade
passage [112] and for turbulent flow in a rectangular turning
duct [118]. Finally, Anderson [113] has computed several 2D
turbulent flows in axisymmetric ducts with curved walls, and
Anderson and Hankins [114] have applied their 3D method to
the hot turbulent flow in a turbofan forced mixer nozzle.

To illustrate the capability of these methods we present
results obtained by Kreskovsky, Briley, and McDonald [118]
for turbulent flow in a rectangular duct with a 90 deg bend.
Figures 13 and 14 show computed primary and radial velocity
profiles, for a cross-section 77.5 deg around the bend,
compared with the LDV measurements of Taylor et al. [119].
Note the very large radial velocity near the suction side of the
channel.

Finally, we note that Baker and Orzechowski [120] have
developed a finite element parabolic method. - Like the
methods of Briley and Ghia et al., it solves 2D elliptic
equations for ¢ and p. Like that of Anderson it uses the small
transverse velocity assumption to parabolize the system.

Partially Parabolic Methods

Satisfaction of Local Continuity. Three of the four
methods considered in this section are similar to fully
parabolic methods. To satisfy local continuity, both Pratap
and Spalding [121] and Moore and Moore {122] employ
approximate velocity-pressure correction relations and adjust
these variables at each cross-section in the same manner as
Patankar and Spalding. In successive passes, as the pressure
field is refined, these corrections should approach zero.
Chilukuri and Pletcher [123] correct the local velocity field
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Fig. 15 Calculated and measured wall static pressure on suction,
pressure, and end wall surfaces of Stanitz elbow-—after Moore [127]

through a potential ¢ in a manner similar to that of Briley
[109] and Ghia [110]. ¢ should also approach zero in suc-
cessive passes. Dodge [124] splits the velocity into viscous and
potential parts U and V. U is obtained by marching the
momentum equations and ¢ is updated after each full sweep
by solving a three-dimensional elliptic equation obtained from
continuity.

Elliptic Pressure Update. The technique for updating the
elliptic pressure field after each march is the distinguishing
feature of these methods. Pratap and Spalding [121] use the
pressure field obtained from the continuity corrections during
the march. An ad hoc means of distributing these corrections
upstream is mentioned in the paper but not discussed. Moore
and Moore [122] use an elliptic pressure correction equation
obtained from an approximation to the divergence of the
momentum equations. The corrections approach zero after
many marching passes through the field. Chilukuri and
Pletcher [123] use the pressure Poisson equation obtained
from the divergence of the full momentum equations. Dodge
[124, 125] introduces an approximate relation between
pressure and the potential ¢. Once the 3D elliptic equation is
solved for ¢, the pressure is obtained from this relation.

Approximation by Algebraic System. Finite difference
techniques are again used in each method. In the marching
equations first or second order upwind differences are used in
the primary flow direction and second order central dif-
ferences in the cross-plane. Pratap and Spalding [121] and
Chilukuri and Pletcher [123] use the staggered grid of
Patankar and Spalding. The velocity components and the
pressure are stored at different locations in a grid cell. Moore
and Moore [122] use a staggered:scheme with velocity
components stored at one set of grid locations and the
pressure corrections stored at another. Dodge [125] stores all
variables at common grid locations. He introduces subgrids
near the walls to resolve the viscous layers. The elliptic
pressure equations of both Moore and Moere [122] and
Chilukuri and Pletcher [123] use central differences. The
global potential equation of Dodge [125] uses the mixed
upwind-central differencing of reference [18].

Solution of Algebraic System. To solve these algebraic¢
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systems ADI techniques are used in all methods to obtain the
velocity components from the momentum equations during
the march. Since Chilukuri and Pletcher [123] solve 2D
problems, they perform a tridiagonal matrix inversion in only
one direction. Pratap and Spalding [121} and Moore and
Moore [122] use ADI to solve the pressure correction
equations at each cross-plane. Only the Moore’s, however,
iterate with the momentum equations until the pressure
corrections are acceptably small. Both Moore and Moore
[122] and Chilukuri and Pletcher [123] use point relaxation
procedures to solve the elliptic pressure equations. The
Moores omit points in the near wall region of the boundary
layer. Dodge [124, 125] obtains separate marching solutions
on each of his near wall subgrids and couples these to the
interior marching solution at their common boundaries. The
global potential equation for ¢ is solved by the transonic
relaxation technique of reference [18], with the near wall
subgrid points omitted.

Application of Methods. The partially parabolic methods
have been applied to a somewhat broader range of flows than
those of the previous section. Pratap and Spalding [121] have
analyzed 3D turbulent flow in rectangular turning ducts [126].
Moore and Moore have computed 3D turbulent flow in an
accelerating rectangular elbow [127] and two centrifugal
impellers [128, 129]. Chilukuri and Pletcher {123] computed
2D laminar flow in the inlet of a straight channel over a broad
range of Reynolds numbers. Dodge [125] has calculated 3D
turbulent flow in a rectangular diffuser-and a low aspect ratio
turbine stator. We show results from two of these com-
putations as examples of the state-of-the-art.

Stanitz et al. [130] measured the turbulent flow in an ac-
celerating rectangular elbow designed by means. of potential
flow theory. Moore and Moore [127] computed this flow for
cases with low exit Mach numbers in which spoilers were used
to thicken the incoming endwall boundary layers. Figure 15
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shows computed and measured wall static pressure on four
cross sections located upstream, inside, and downstream of
the bend. Figure 16 shows computed and measured total
pressure loss contours at the exit plane downstream of the
bend.

Dodge [125] has computed 3D turbulent flow through a
highly-loaded low-solidity high-aspect-ratio turbine stator.
His results are compared to the measurements of Waterman
[131]. Figures 17 and 18 show computed and measured static
pressures for the hub and tip blade sections, respectively.

Elliptic Methods

All methods in this category are capable of computing
separated flows. Those which solve the compressible
equations in conservation-law form also have shock-capturing
capability. This is not generally available in the parabolic
methods. In the absence of separation or shock waves, the

Journal of Fiuids Engineering

elliptic methods may or may not be more accurate than the
parabolic ones. If the elliptic method requires locally first-
order upwind differencing for stability or a coarse grid
because of storage limitations, it may suffer in comparison.
Most of the methods now in use for internal flows are
adaptions of techniques discussed here. However, other
methods, especially those now under development for ex-
ternal aerodynamic applications, will undoubtedly be adapted
for internal flows in the near future.

Methods for Steady Equations. A popular method in-
troduced by Caretto et al. [132] is based on that of Patankar
and Spalding [109]. The method uses the so-called SIMPLE
algorithm for Semi Implicit Method for Pressure Linked
Equations. The steady momentum equations, with an
assumed pressure field, are solved for provisional values of
the velocities. An approximate velocity-pressure correction
relation is then combined with continuity to give a 3D
equation for pressure. The corrected pressure field, un-
derrelaxed for stability, is substituted into the momentum
equations to continue the process. Many variants of this
method have been studied by Raithby and Schneider [133].
They found that reintroduction of the time derivatives into the
momentum equations, with implicit time differencing and a
local time step proportional to volume, increased the con-
vergence rate of the algorithm.

A different procedure has been used by Walitt et al. [134].
The 3D steady equations are transformed to a 2D unsteady
system by treating one direction as time-like and evaluating
derivatives in this direction from a previous solution. The
equations are solved by marching in the time-like direction.
After one sweep, the time-like direction is switched and the
equations are marched in this new direction. Since an explicit
procedure is used on each cross-plane, very small marching
steps are required to assure stability., This method has been
applied to a centrifugal impeller [134] and to flow in a
supersonic compressor cascade with splitter vanes [135].

Methods for Unsteady Equations. The methods for the
unsteady viscous equations are closely related to explicit and
implicit time marching methods for the Euler equations. In an
explicit technique all spatial derivatives are evaluated at a
previous time. The solution procedure is unchanged by the
addition of viscous terms. The boundary conditions on the
velocity are changed to enforce no-slip at solid walls. The
close mesh spacing, necessary to resolve the boundary layers,
imposes severe time step restrictions to maintain numerical
stability (CFL limit). Bosman and Highton [136] have
developed an explicit viscous method closely related to their
Euler method [79]. The application was to 3D subsonic flow
in rotating machinery. Shang et al. [137] have implemented a
3D version of MacCormack’s explicit predictor-corrector
scheme [71] on a vector computer. The application here was to
supersonic shocked flow in a rectangular wind tunnel.
Spradley et al. [38] have also implemented a 3D explicit
method on a vector computer. The time updating is similar to
the MacCormack scheme, but the spatial discretization used
the general interpolants method (GIM), [139]. The ap-
plication was to supersonic flow in an exhaust nozzle.

In an implicit technique, the nonlinear spatial derivatives
are linearized about the previous time, and backward dif-
ferencing is used on the time derivative. The resulting linear
system is modified by the addition of the viscous terms.
However, for central differencing of both inviscid and viscous
terms, the matrix structure remains the same as for the Euler
equations. These implicit techniques permit high resolution of
the viscous layers without severe time-step restrictions. Briley
and McDonald {92, 93] and Beam and Warming [94] have
developed similar implicit techniques which were described

" earlier. Briley and McDonald have concentrated on viscous
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Fig. 19 Calculated and measured profiles at quarter-span and mid-
span around curved rectangular duct—after Humphrey (142]

flows from the outset. Steger [96] has implemented the Beam
and Warming procedure in a 2D curvilinear-coordinate,
viscous code, which is applicable to a broad range of flow
conditions including those in turbomachinery. In this ‘‘thin
layer’’ approximation, Steger drops the streamwise viscous
diffusion terms.

Ghia et al. [140] have developed a semi-elliptic implicit
method for 2D incompressible flow. They first present a fully
elliptic method that solves the complete momentum equations
together with a Poisson equation for the pressure. Continuity
is enforced by driving one of the source terms in the Poisson
equation to zero in the manner of Harlow and Welch [115].
The semi-elliptic method is obtained by dropping the
streamwise viscous diffusion terms. This permits a simpler
solution procedure for the momentum equations.

Approximation by Algebraic System. All but one of the
elliptic methods use finite difference techniques to ap-
proximate the differential equations by an algebraic system.
Spradley et al. [138] use the GIM formulation which is similar
to the finite volume approaches discussed earlier. The
dependent variables are represented by interpolating func-
tions over the interior of local mesh volumes, and an algebraic
system is obtained from weighted integrals of the differential
equation over each mesh volume. Only Caretto et al. [132] use
the staggered grid of Patankar and Spalding [108]. Bosman
and Highton [136] employ the staggered arrangement used in
their Euler method [79]. All the other methods store the
dependent variables at common grid locations. The hybrid
central-upwind differencing used by Patankar and Spalding
has also been used by Caretto et al. [132] and Briley and
McDonald [93]. Ghia et al. [140] have used upwind dif-
ferencing of the streamwise convective term everywhere in the
flow field.

Solution of Algebraic System. The algebraic solution
techniques have been discussed earlier, either for the Euler
methods or the parabolic methods. The explicit time marching
procedures as well as the explicit spatial marching method of
Walitt et al. [134] use local update schemes somewhat akin to
point Jacobi relaxation. Values at the new time depend only
on a few values-at the previous time. This is a slowly con-
verging process, but it is easily coded and vectorized. All the
implicit time marching procedures as well as the steady
method of Caretto et al. [132] use ADI techniques to solve the
momentum . equations. These techniques can be fast,
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especially if the time-step is permitted to vary both in time and
space, see e.g. McDonald and Briley [141]. Finally, for
completeness, we note that the elliptic pressure equation has
been solved by ADI, Caretto et al. [132], and by point SOR,
Ghia et al. [140].

Application of Elliptic Methods. To illustrate the state-of-
the-art for elliptic methods in internal viscous flows, we
present results from three of the analyses discussed above.
The actual range of applications of the methods is too broad
to be covered here.

Humphrey et al. [142] have computed laminar flow in a
square turning duct using a method based on that of Caretto
et al. [132]. Results were compared with LDV measurements
by the same authors. Figure 19 compares calculated and
measured (circles) streamwise velocity profiles at quarter (up
from end wall) span and mid-span for several cross-sections
progressing from five hydraulic diameters upstream to
completion of the 90 deg bend. The disagreement at the last
three stations may be due to inadequate grid resolution (10 X
15) over the cross-section. A similar computation and
comparison with data for turbulent flow in the same duct is
presented in reference [143].

Buggeln et al. [144] have used the method of Briley and
McDonald [93] to compute both laminar and turbulent flow
in curved ducts, channels and pipes. We present comparisons
with the data of Taylor et al. [119] for the same turbulent flow
case computed by Kreskovsky et al. [118] with the parabolic
method of {112]. Figure 20 shows comparisons for streamwise
velocity profiles at the symmetry plane for several stations
upstream of, around, and downstream of the bend. Figure 21
shows comparisons for several radial velocity profiles at the
77.5 deg station. Comparing Fig. 21 with Fig. 14 shows
considerable agreement between the two methods.

Finaly, Ghia et al. [140] have computed 2D laminar flow in
a:channel with a large constriction:using: both their fully
elliptic and semi-elliptic methods. Figure 22 shows computed
streamline contours for a case with a large separation zone on
the downstream side of the constriction: The upper part of the
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figure shows an enlargement of the central portion of the full
channel shown below. Figure 23 shows computed results of
both methods for wall shear. The agreement between methods
is excellent in the separated region on the lower wall.

In general these methods all perform quite well. The
disagreement with experiment where it exists is probably due
to inadequate grid resolution. However, much work remains
to be done to determine the numerical accuracy of all these
methods.

Turbulence Modeling

The recently completed AFOSR-HTTM-Stanford Con-
ference on Complex Turbulent Flows was organized for the
purpose of providing an assessment of the state-of-the-art in
turbulent flow prediction, especially that of turbulence
modeling. A wide range of test flows with reliable ex-
perimental data was assembled and computational groups
were invited to submit computed results for these flows to the
Conference. The comparisons of these results with the data
together with the findings of the Evaluation Committee will
be presented in reference [8].

The current focus in turbulent modeling seems to have
shifted from the one and two equation eddy viscosity models
of a few years ago to methods which predict the Reynolds
stresses themselves. Many results obtained with these models
were presented at the Conference. However, while the
promise of these models is considerable, at the present they
show little or no advantage over the simpler treatments. This
is especially true for separated flows.

The results of any turbulent flow prediction depend at least
as much on the numerical technique as they do on the tur-
bulence model. For most of the flows included in the con-
ference, it was not possible to separate the limitations of the
numerics from those of the turbulence models. Grid
refinement studies were presented in only a few cases and
many of these were inadequate.

In many internal flows, and especially in those through
turbomachinery components, as a result of the rapid turning
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of the fluid, the evolution of the flow is dominated by the
balance between strong pressure gradients and centrifugal
forces. Turbulent mixing, though present, plays a lesser role.
Indeed the development of complex secondary flows in these
components, while dependent on the presence of shear layers
due to upstream viscous effects, is an essentialy inviscid
phenomenon. Hence, if one can develop a sufficiently ac-
curate and efficient numerical technique for solving the
partial differential equations of fluid dynamics, good
predictions of such flows should be possible even with a
realtively simple turbulence model. This view is supported by
the observations of Humphrey et al. [143] in their studies of
turbulent flow in turning ducts.

Concluding Remarks

The current status of potential flow methods for tur-
bomachinery is quite advanced. A large number of codes have
been developed for analyzing two-dimensional transonic flow
with shocks on blade-to-blade surfaces. While an order of
magnitude speed up in computing time may be possible with
the latest procedures, many of these codes run fast enough for
routine use by designers. In addition, at least three codes can
compute three-dimensional potential flow in rotors. One of
these has demonstrated transonic shock-capturing ability.
Most of the stream function codes for turbomachinery ap-
plications are based on classical relaxation or matrix inversion
techniques. They solve for subcritical flow on blade-to-blade
or hub-to-shroud surfaces. Recently, however, a transonic
stream function method has been developed and one ap-
plication to a cascade is under development. In the case of the
primitive variable Euler equations a larger number of codes
have been developed for turbomachinery applications. Most
of these solve for two-dimensional, blade-to-blade flow with
shocks. There are, in addition, at least three codes which
analyze three-dimensional shocked flows in rotors. With few
exceptions, however, these codes utilize older long-running
numerical algorithms. Since solution of the Euler equations is
now one of the most active areas of research in computational
fluid mechanics and since a number of promising new
methods are under development, this situation should be
much improved in a few years.

The state-of-the-art for viscous methods is much less
developed than for inviscid ones. A few single-pass parabolic
marching codes have been developed for three-dimensional
flows in ducts and turning passages. These methods are
relatively fast and fairly accurate in the absence of strong
secondary flows. When strong secondary flows are present at
high Reynolds numbers, either excessive grid or implicit
numerical dissipation may be needed to maintain stability in
inviscid regions of the flow. A few multi-pass partially
parabolic codes have been developed for three-dimensional
flows in turning passages and at least two of these have been
applied to turbomachinery rotors. In these methods the
pressure field is treated as elliptic and is updated as the
computation proceeds. Much work remains to be done to
speed up these methods and to extend the pressure correction
techniques into the transonic regime. A number of codes have
been developed which solve the full time-averaged Navier-
Stokes equations in either two or three dimensions, in both
ducts and turbomachinery, for both subsonic and transonic
flow. The comments on accuracy and computational ef-
ficiency which were made for the Euler equation methods are
equally valid here except that the computer times are even
longer. It is likely that the status of Navier-Stokes codes will
be improved substantially with the advent of new improved
Euler solvers since most regions of viscous flows are
dominated by inviscid effects. Finally, although it is not true
that turbulence models are becoming much more accurate, in
many flows in turning passages and turbomachinery the
velocity field is determined primarily by the balance between

MARCH 1985, Vol. 107719

Downloaded 02 Jun 2010 to 171.66.16.64. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



centrifugal forces and pressure gradients and the effects of
turbulence are relatively weak. Hence, if one has a sufficiently
accurate numerical procedure, one can hope to adequately

compute such flows even with a relativley simple turbulence

model. :
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Introduction

The use of a jet ejector for augmenting thrust offers
sofution to some critical problem areas in the design of
V/STOL propulsion systems. The benefit of using ejectors,
however, is seriously offset by its complexities. The criteria
for using such a thrust system are: (@) it has to be short
enough to satisfy space-limitations, and (b) it must provide
high thrust augmentation to yield a substantial net gain in a
practical application. ‘

There exists a large body of literature on ejectors for thrust
augmentation. Among the early efforts are those of Von
Karman [1] for theoretical treatment and the experimental
studies of Jacobs and Shoemaker [2]. In the recent open
literature Fabri and Siestrunck (3] and Addy [4] reported
work on supersonic ejectors, Bevilaqua [S, 6] treated en-
trainment mechanisms and mixing, and Quinn discussed the
effects of jet temperature [7] and aeroacoustic interaction [8].
More recently, J. L. Porter and R. A. Squyers [9] published
an overview on ejector theory and performance. A com-
prehensive listing of 1619 references was presented as volume
II of their report. In the following discussion, attention will be
directed only to previous work related to the current in-
vestigation.

Previous exploratory work by the first author [10] bad
indicated a surprisingly high thrust augmentation to be
possible by the use of a highly effective, short, curved-wall
diffuser incorporating boundary layer control. A diffuser of
this type will be referred to as a Griffith diffuser [11]. A
typical Griffith diffuser has a wall velocity distribution

Contributed by the Fluids Engineering Division and presented at the Winter
Annual Meeting, New Orleans, La., December 9-14, 1984 of THE AMERICAN
SOCIETY OF MECHANICAL ENGINEERS. Manuscript received by the Fluids
Engineering Division, May 12, 1983. Paper No. 84-WA/FE-10.
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ratios of 20:1 and 40:1 were designed and tested. A new high level of performance
was analytically predicted and achieved experimentally. Comparisons between
predicted and observed performances,
distributions are presented.

velocity distributions and pressure

exhibiting a high velocity inlet region, slightly accelerating
flow up to a narrow slot region and a sudden drop in velocity
taking place across the narrow slot region. Downstream of the
slot region, there is an exit of the diffuser. The sudden drop of
the velocity takes place over the slot where boundary layer
control is applied so that no flow separation takes place.
Because no adverse pressure gradient is involved along the
stationary wall of a Griffith diffuser, the potential flow
approximation has been used successfully in the inverse design
method for determining the diffuser wall geometry. The
analytical formulation and the algorithms for that method are
presented in reference [11] and the references cited in
reference [11], respectively.

In the study of reference [10], ejectors having diffusers with
length-to-diameter ratio (//D) of 4.9:1 and 6.5:1, and mixing
chamber inlet area-to-primary nozzle area ratio (A) of 150,
were tested with steam as the primary flow and ambient air as
the entrained flow. The experimentally observed mass ratio of
entrained-to-primary fluid appeared to be several times higher
than that of conventially designed ejectors. However, lack of
data concerning X for early studies in the literature precludes
more precise comparison. The maximum value of thrust
augmentation ratio ¢ achieved in reference [10] was 2.81. This
did not account for the penalty of boundary layer control and
was higher than could be expected if air were to be used as the
primary fluid. Nevertheless, these early results together with
the compactness of the ejector presented a strong attraction
for further study of short diffusers employing boundary layer
control.

In 1973 Gilbert and Hill [12] published their two-
dimensional ejector analysis and test results. Both com-
pressibility and viscosity were accounted for in their analysis.
The pressure gradient across the flow passage throughout the
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ejector was neglected. In 1977, Tai [13] of the David W.
Taylor Naval Ship R&D Center utilized Gilbert and Hill’s
analysis up to the exit of the mixing chamber. Then he im-

plemented a diffuser design sub-program based on an

argument that the boundary layer can withstand a nearly
infinite pressure gradient for a very short distance without
separation. Tai referred to his diffuser design criterion as the
“‘incipient separation criterion.” At the exit of the mixing
chamber, an infinite pressure gradient is imposed. After that,
the pressure gradient along the diffuser is so adjusted to
satisfy an incipient separation criterion by keeping the wall
frictional velocity between 1 to 6 ft/s, according to Tai. Note
that larger values lead to longer diffusers which are less
desirable. The diffuser geometry is determined through an
iterative procedure of adjusting the local pressure gradient to
satisfy this range of wall frictional velocity. The boundary
condition on the exit of the ejector is satisfied by terminating
the computation when the local static pressure reaches the
ambient value.

Tai, op. cit., has shown that an optimum thrust
augmentation ratio of 1.42:1 may be reached with the diffuser
section of the ejector designed with the ‘‘incipient stall
criterion”” and for an overall L/D of 6:1 and N = 19. The
obvious question is whether or not the use of Griffith-type
diffuser sections would significantly improve ejector per-
formance. In 1980, work by the authors of this paper was
resumed under sponsorship of the U.S. Navy, David Taylor
Naval Ship Research Development Center (DTNSRDC).
Specific goals were (i) to verify the observed ejector per-
formance of reference [10], and (/i) to develop a design
procedure for short, efficient ejectors.

In the Ejector Design-Inverse Method presented in the
following section, owing to the fact that the Griffith diffuser
wall curvature is large, particularly around the suction slot,
Gilbert and Hill’s program can not be used in analyzing the
flow within the Griffith diffuser. On the other hand, because
of no deceleration along the solid wall portion of the diffuser,
the inviscid flow approximation should be acceptable.
Segment-wide the Bernoulli equation is applicable along each
streamline where dissipation is not severe. This is the case
both in the nozzle and along the diffuser wall. The design
method outlined in the next section is somewhat cumbersome.
A more elegant analytical method, however, would require
the inverse solution of the Navier-Stokes equations. Such a
solution is not currently available.

Ejector Design—Inverse Method

Figure 1 shows the major steps in analyzing an axisym-
metrical ejector with a short, curved-wall diffuser. The mixing
chamber is shaped like a circular pipe and may have a con-
traction toward the end of the mixing chamber. To initiate the
analysis, the area ratio of the primary nozzle to the mixing
chamber inlet and the ratio of the mixing chamber length to

. Step 2

Pregcribe C value of the
mixing chamber contraction

Step 1

210 x,°
~Ctamh {5 G) -3 ()}

v

"DINSRDC Program"
Computation up to
mixing chamber exit

YV

Average temperature and
velocity and pressure
at mixing chamber exit

T=Ryn,mixing chamber

Step 3

Compute diffuser area ratio AR.
Go to "Inverse Design Program”
and "Rotational Flow Calculations”

v

Calculate critical velocity U..
and suction flow rate

S

Calculate thrust augmentation
ratio ¢3

Step 4

Step 3

Step 6

Fig.1 Block-diagram showing the major steps in ejector analysis
its diameter (//D) are specified. The diffuser length usually is
restricted to about one exit diameter of the diffuser. In ad-
dition, the static pressure at the mixing chamber inlet and
stagnation pressure of the primary air are also specified. Both
the entrained secondary flow from the stagnant ambient and
the primary flow within the nozzle are isentropic up to the
mixing chamber inlet. Analytically, specification of the static
pressure at the mixing chamber inlet in fact implies that the
ratio of the secondary mass flow to the primary mass flow is
defined. Starting from the inlet, there are heat and
momentum transfer between the primary flow and the en-
trained secondary flow.

The first step is to specify the mixing chamber geometry by
a selected dimensional value of C in the radius distribution
equation of Fig. 1 along with other mixing chamber geometric
parameters. In step two, the computer program originally
devised by Gilbert and Hill [12] is used to compute velocity
and temperature profiles and pressure values up to the exit of
the mixing chamber. Governing equations for the flow are of
the boundary layer type; therefore pressure variations only
exist along the flow direction and not across the streamlines.

In the third step, the mass-averaged flow velocity and
temperature are computed. These are employed in the fourth
step, which uses one-dimensional, compressible isentropic
flow to determine the necessary area ratio to yield the diffuser
exit pressure at the atmospheric level (or the ambient level).

Nomenclature
A = area .
AR = arearatio u,V = velocity aux = auxiliary ejector
C = constant used in Fig. 1, Step | x = length, general e = exit of diffuser, primary
D = constant diameter A = mixing chamber inlet to ejector
fS. = ratio of slot suction to total nozzle area ratio e’ = exit of diffuser, auxiliary
flow rate ¢ = thrust augmentation ratio ejector
{ = mixing chamber length (mVy,/mvy, mec = mixing chamber
[/D = mixing chamber length to ¢, = modified thrust augmentation 0 = stagnation condition
diameter ratio ratio (see equation (1)) p = primary flow, primary ejector
L = overall length » = vorticity p’ = primary flow auxiliary ejector
m = mass flow rate sl = secondary entrained flow at
P = pressure Subscripts inlet
r = radius, f(x) amb = ambient condition suc = suction
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For other computations in this step, inviscid incompressible
axisymmetric flow is assumed within the diffuser. As long as
the flow along the solid wall is maintained without
deceleration, the inviscid flow approximation can be justified.
The Inverse design Program reported by Nelson and Yang
[14] is used to obtain the geometry of the short, curved-wall
diffuser for a specified area ratio at the length approximately
equal to one exit diameter. This length specification is
somewhat arbitrary, yet experience suggests that it should not
be difficult to achieve.

Immediately after the determination of the diffuser
geometry, a computer program based on a rotational flow
analysis is used in step 4 to examine the velocity distribution
along the diffuser wall. As an objective, there should be no
deceleration along the solid diffuser wall, If necessary, the
input for the Inverse Design Program is revised to generate a
new diffuser geometry. This process is repeated until there is
no indicated deceleration along the diffuser wall. It is
sometimes necessary to revise the analysis from the very first
step where the mixing chamber inlet pressure is specified. An
increase of the static pressure at the inlet implies a reduction
in mass ratio and therefore a reduction in diffuser area ratio.
Usually this revision can eliminate the problem of
deceleration along the solid wall. For a configuration with no
deceleration, no flow separation will take place. It is
recommended that the velocity from the diffuser inlet to the
suction slot be kept slightly accelerated.

The fifth step is to estimate the amount of fluid to be
removed for boundary layer control. For this purpose it is
necessary to know the boundary layer profile immediately
upstream of the suction slot. It is reasonable to assume that
this profile is the same as that at the exit of the mixing
chamber, and by using that profile, the critical velocity
determined by Taylor’s criterion [15] can be calculated and
the rate of boundary layer removal can then be determined.

In step 6, the modified thrust augmentation ratio ¢, is
computed. The consideration of the mass flow of primary
fluid used in auxiliary ejector, which provides the necessary
boundary layer control, and the thrust contribution from the
discharge of the boundary layer removal are included in the
definition of ¢, viz,

®2

= (rhV)p-I—l(rhV)p' (Se”VZdAJ"Se' pV2dA> (1)

But due to small numerical contribution of the second
integral term, this equation was approximated by

1 . )

(VY + (V) <(mV)e +ge"V dA) (1.a)

In step 3, the velocity profile across the mixing chamber exit
was computed, and in step 4 an inviscid rotational flow
analysis was approximated. Therefore, the momentum term
represented by the integral in equation (1.a) can be readily
determined. One-dimensional ‘compressible flow analysis,
using specified primary and auxiliary mass flow rates together
with the mass ratio in the auxiliary ejector, were used to
compute the non-integral momentum terms.

In the present study, an ejector was first fabricated based
on the design using the approximation of constant vorticity in
the diffuser for rotational flow calculation. It had a diffuser
area ratio of 2.2:1, and it was found that this ejector could not
be operated without flow separation. A refined analytical
procedure which requires no constant vorticity approximation
was subsequently devised. Results of the refined anlaysis
indicated that the flow reversal within the first ejector was
inevitable regardless of the amount of flow removal for
boundary layer control. We call this flow phenomenon
““inviscid flow reversal,”’ a consequence of the continuity
equation and vorticity equation requirements. The allowable
area ratio of the diffuser without flow reversal obtained using

L)
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refined analytical procedures is smaller than that resulting
from a constant vorticity analysis, An outline of the “‘refined
rotational flow calculation’’ is presented in the appendix of
reference [16].

Experimental Investigation

A. Test Models. Figure 2 shows an ejector which has a A
value of 40, mixing chamber ratio (//D) of 4.82:1 and diffuser
area ratio of 1.33:1. The diffuser of this ejector can be
changed to an area ratio of 1.46:1 by changing the curved-
wall inserts to thus form a second ejector but having the same
mixing chamber and A value,

A third ejector wth a X value of 20, mixing chamber length-
to-diameter ratio (//D) of 4.75:1 and a diffuser area ratio of
1.26:1 is shown as Fig. 3. Systematical tests were conducted to
determine the effective thrust augmentation ratio ¢, for these
three ejectors (diffuser area ratios 1.26:1, 1.33:1 and 1.46:1).
Two types of primary nozzles, single-jet and multiple-jet,
were used. These were convergent nozzles located so that the
primary nozzle exit plane coincided with the mixing chamber
inlet plane.

The auxiliary ejector used for boundary layer removal in
the ejectors studied is of conventional design and the primary
nozzle size was optimized for the operational conditions of
the main ejectors.

B. Test Facility. Figure 4 shows a schematic of the test
setup. The compressed air used as the primary fluid for the
ejector and for the auxiliary ejector was supplied by an oil-less
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Ingersoll-Rand type ESH compressor which has a maximum
capacity of 204 ACFM at 90 psig. The compressed air was
cooled by using an aftercooler and then routed to a 3-ft

diameter, 8-ft tall surge tank. From there the air was delivered .

through a 2-in. pipeline to the laboratory. A gate valve was
used to control the air flow into the test loop. Either a Fisher

model 95L (10-30 psig) or model 95H (25-75 psig) regulator .

was used to regulate the pressure of the primary flow for the
ejector nozzle, depending upon required test pressure range.
‘A Cox Turbine Flowmeter was installed downstream of the
pressure regulator and an electrical resistance heater, rated 5.6
Kw and controlled by a voltage regulator, was placed
downstream of the flowmeter. A metal flexible hose was used
to connect the heater and the converging nozzle plenum. This
allowed easy alignment during installation. In the other
branch of the test loop, compressed air was supplied to a
converging nozzle of the auxiliary ejector. A C. A. Norgren
model R-17-800 regulator was used upstream of a Meriam
- laminar flow element. The latter was used to meter the
primary flow rate of the auxiliary ejector. The primary nozzle
and the mixing chamber of the test ejector were mounted on
an alignment device to ensure that the centerlines of the
primary nozzle and mixing chamber were precisely aligned. A
set of eight sliding ball bearings was used to allow the mixing
chamber to move freely in the axial direction., A force
measuring device utilizing a set of strain gages was mounted
rigidly on the mixing chamber to provide a direct
measurement of the thrust force on the mixing chamber. The
mixing chamber and the diffuser were assembled together as
one integral part which moved freely relative to the alignment
rig. The alignment rig was mounted firmly on a stationary
supporting stand. The curved wall diffuser insert downstream
of the suction slot could be adjusted relative to the upstream
insert to vary the slot size or the gap between the inserts. Four
suction ports were provided, and a featherweight flexible hose
was used as the suction mainfold which led to the inlet of the
auxiliary ejector. The primary jet, mixing chamber and the
diffuser of the auxiliary ejector were all firmly mounted to the
stationary stand. The featherweight flexible hose minimized
errors in the thrust force measurement on the mixing chamber
of the ejector. Conventional instruments and well-accepted
laboratory procedures were employed in measurements of
pressure, temperature, momentum, mass flow rates and
force.

C. Test Conditions. Three ejectors (two with A equal to 40
and diffuser area ratios of 1.46:1 and 1.33:1 and one with A
equal to 20 and diffuser area ratio of 1.26:1) were successfully
operated, mostly without flow separation in their diffuser
sections. These ejectors were systematically tested. The
plenum pressure of each ejector was set at five levels 10, 17.4,
23.2, 29.0, and 35.5 psig, 10 psig being the design value. The
ambient static and also the stagnation pressure were ap-
proximately 14.5 psia which resulted in pressure ratios of the
stagnation pressures to ambient pressure (Py/P,,,;,) of 1.67:1,
2.21:1, 2.61:1, 3.02:1 and 3.47:1. The plenum pressure of the
primary flow of the auxiliary ejector was selected at five
levels, 7.5, 10, 12.5, 15, and 17.5 psig, for each of the
following ejector primary flow plenum pressures, 10, 17.5,
and 23.2 psig. The auxiliary plenum pressure was selected at
four levels, 12.5, 15, 17.5, and 20 psig at each primary flow
plenum pressure of 29.0 and 35.5 psig. The temperature of the
primary air of the ejector was elevated to 164°F by passing the
air through a 6-in. pipe containing suspended electrical
heating elements. The heated air expanded through a con-
verging nozzle to reach a static temperature of about 80°F,
approximately the static temperature of the entrained
secondary fluid. :

The gap size between two curved-wall sections of the dif-
fuser was adjusted to yield a maximum vacuum of the first
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mixing chamber static pressure reading. This resulted in a gap
size ranging between 1/4 in. and 3/16 in. for all the tested
ejectors.

D. Test Procedures. Ejector components test rigs were
designed to obtain flow velocity profiles at the mixing
chamber exit-and to obtain the performance of the auxiliary
ejector. These rigs were designed and operated at a simulated
diffuser condition of no flow separation in the diffuser. Using
the rotational flow analysis, a diffuser was designed with an
area ratio of 1.64:1. This area ratio was too large because the
computed vorticity used in rotational flow analysis was lower
than the value derived from measured velocity at low pressure
ratios of the stagnation pressures. Until the diffuser area ratio
was reduced to 1.46:1, flow separation within the diffuser
persisted. A considerable effort was devoted to eliminating
flow separation in the short, curved-wall diffuser, and this
was achieved largely on the ejector performance test stand
rather than using components testing.

The mixing chamber length for A of 40 was initially 15.5 in.
This was reduced to 13.5 in. on the ejector performance test
stand. The first mixing chamber wall static pressure tap was
used to monitor the flow rate of the entrained secondary flow,
and tufts attached at the diffuser exit were used as indicators
for flow attachment. In this length reduction process, no
secondary flow reduction was detected in the first one inch of
trimming. A reduction of 0.2 in water was observed in the
wall static pressure reading when the length was reduced to
13.5 in. No flow separation was indicated by tufts inside the
diffuser.. These improvements were carried:out at a plenum
pressure of 10 psig for the primary flow of the ejector.

For each test run the plenum pressure levels for the primary
and auxiliary ejectors were adjusted to the pre-selected values
via pressure regulators and monitored by manometers. The
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plenum temperature of the primary air of the main ejector
was regulated to yield a pre-selected temperature by adjusting
the voltage regulator of the electrical heater. A miniature Kiel-
probe was used to traverse the auxiliary ejector exit. A Keil-
probe and a static pressure probe were used to traverse the
main ejector exit. A 10-point method was used for traversing
the entire diameter yielding 20 stations for both stagnation
and static pressure readings. These pressure readings and the
wall pressure readings of the mixing chambers and the dif-
fusers were recorded ecither via (/) pressure transducer-
scanning valve to a tele-type arrangement or (/7)) pressure
transducer-scanning valve to an Apple computer for data
storing and data reduction. Strain gage output was read as a
direct measurement of the force on the mixing chamber.
Normally it required 30-40 minutes to complete one test run.
Care was exercised to ensure that the pressure levels of the
primary flows, the temperature of the heated air and the
strain gage output reading did not ‘“‘drift”’ during the test
period. Therefore, those readings were repeated at the end of
each test run.

E. Test Results. The most important results of this in-
vestigation pertain to the optimization of the modified thrust
augmentation ratio ¢, as a function of the pressure ratio,
Py/P,.,. These results are summarized in Fig. 5. A discrete
point on this figure represents an experimentally obtained
maximum ¢, value for a given pressure ratio. Each ¢, value
was optimized by varying the flow to the auxiliary ejector.
Using the experimentally measured values of f.s., (MR) .
and vorticity w at the diffuser inlet and the analytical
procedure outlined in Fig. 1, three performance curves, one
for each tested ejector, were obtained. Figure 5 shows those
three curves of predicted ¢, versus pressure ratio Py/P,,.
The open circles represent the ¢ values of the ejectors with
diffuser removed. These values should serve as base line
performance to indicate the thrust augmentation gained by
the use of the diffuser. Good agreement is observed between
analytically computed and experimentally observed ¢, values
over a major part of the Py/P,,,;, range.

The thrust augmentation of the.type of ejectors studied in
this investigation is the thrust force on the mixing chamber.
The values of this force were obtained from two approaches:
(1) the difference between the momentum of the ejector at
diffuser exit and the momentum of the primary nozzle at its
exit, and (2) the direct force measurement using a strain gage
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Fig. 7 Typical velocity distributions at the mixing chamber exit,
computed and measured, AR = 1.26, A = 20

arrangement. Figure 6 shows a typical comparison of these
forces determined from the two different approaches for the
ejector of AR = 1.26:1 and A = 20. The numbers next to the
data points denote the test run number listed in Table 1 of
reference [16]. A large majority of the data points fall on a
line of 45 degrees, but displaced up to 0.3 Ib to indicate higher
values of thrust force derived from momentum
measurements. It is believed that the experimental apparatus
was not totally free to move before the cantilever arm of the
mixing chamber came into contact with motion stop. There
appears to be a small but systematic error in the strain gage
force measurements introduced by the presence of the suction
manifold of the auxiliary ejector. Allowing for this, the thrust
forces determined from the two different sources agree well
for most of the data in the low and medium range of tested
pressure ratio of Py/P,,,. Greater deviations were observed
at high pressure ranges; this increased deviation could be
attributed to the fact that the static pressure across the mixing
chamber inlet may not have been constant as was assumed.

Whereas the maximum ¢, values of the present study are in
the neighborhood of 1.6, a study reported as reference [9]
indicates maximum thrust augmentation values ranging from
1.4 to 2.0. The high value utilized a ‘‘hyper-mixing”’ nozzle
ejector, whereas the lower value was obtained with a single,
axisymmetric ejector nozzle comparable to the designs of the
present study. Their reported ¢ value of 1.4 is comparable to
the computed optimum value reported by Tai [13] and is less
than the optimum value observed in the present work.
Recently, Alperin and Wu [17] published an analytical
prediction of ejector thrust augmentation ratios for both
subsonic and supersonic, mixed flows. Reference [16] deals
with the subsonic case. They have shown that for a stationary
ejector with ideal mixing and no frictional losses, ¢ can reach
a value of 3.5 for a nozzle pressure ratio of 1.67 and a ¢ value
of 2.4 for a nozzle pressure ratio of 3.47. Of course in their
ideal analysis, length is not a pertinent geometrical parameter.
This is in contrast to the current study where length is of
major importance.

Figure 7 shows a typical set of normalized velocity
distributions at the diffuser inlet. The distribution shown by
solid line was obtained by using the computer program of
reference [12]. Experimentally measured mass ratio MR and
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Fig. 8 Typical static pressure distributions across the exit of the
mixing chamber AR = 1.26, A = 20

pressure ratio P,/P,,, were used as inputs for this com-
putation. This mixing chamber exit is located 4.82 diameters
downstream from its inlet. The velocity distribution shown by
discrete points was obtained with a miniature Kiel-probe and
a static pressure probe. Basic features of a shear flow were
observed in both profiles. Owing to the sizes of the probes, no
measurements were taken closer than 1/16 in, from the wall.
The vorticity values derived from the measured velocity are
about 10 percent higher than those derived from the computed
distribution at Py/P,,,, = 1.67. Better agreement in vorticity
values was observed at higher pressure ratios. Fifteen sets of
velocity distribution were examined for this investigation. In
static pressure measurements the centerline pressure usually
was 1.0 to 2.0 in. of water lower than that at the wall. Figure 8
shows three sets of static pressure distributions across the exit
of the mixing chamber of the ejector with A = 20. These were
measured for pressure ratios of 1.67, 2.21 and 2.61. These
pressure ratios correspond approximately to subsonic, sonic
and supersonic primary flow within the mixing chamber,
respectively.

The velocity measurements at the exit of the mixing
chamber provided information for correcting the vorticity w
used in computing the diffuser exit velocity for the rotational
flow analysis. The velocity measurements also provided an

28/Vol. 107, MARCH 1985

distribution computed with the rotational flow analysis of
reference [16]. The features of shear flow are preserved in
both the computed and the experimentally measured velocity
distributions.

The velocity measurements at the diffuser exit provided one
of the key elements of information for evaluation of thrust
augmentation ratio ¢,, mass flow rate 7, and mass flow ratio
MR. The ratio MR is defined as 7, /m, and the entrained
mass flow rate 1y, was determined from the following

msl = me + msur - mp
where

Hgye = me,[mx - mp !
Independent checks on sy were made by using the following
equation

msl = mmc - mp

The values of mi,, determined from the above two in-
dependent approaches differed by no more than 4 percent.

Steady-flow prevailed in this ejector over most of the
operating ranges of Py and Py 4, except when Py was around
30 psig. In all velocity profiles the measured peak velocities
fall below computed values. During the tests for the ejector
having AR = 1.26:1 and N = 20, much more uniform velocity
distributions were observed both at the exit of the mixing
chamber and at the exit of the diffuser when the primary
nozzle plenum pressure was set between a narrow range of
30-31 psig. Quinn [7, 8] attributes such - profiles to
aeroacoustic interactions. For the other two ejectors tested,
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steady flow prevailed over the entire test ranges of P, and
PO,aux'

Figure 10 shows the typical measured and computed
pressure distributions along the mixing chamber wall and the
diffuser wall for an ejector having AR = 1.26:1. In the
mixing chamber the computed pressure distribution was
obtained by using Gilbert and Hill’s analysis along with the
measured inlet static pressure as input. The computed diffuser
wall pressure distribution was obtained by using measured
diffuser inlet conditions (or mixing chamber exit conditions)
together with the rotational flow analysis for wall velocity and
the Bernoulli equation for corresponding pressure. The wall
pressure readings throughout the ejectors were below ambient
pressure. The static pressure at the end of the bell month inlet
was used as the normalizing factor. The discontinuity of the
computed pressure distribution at the diffuser inlet is a result
of the use of experimental pressure data at the mixing
chamber exit for the diffuser wall velocity computation.
Plotted on gage pressure readings, the computed pressure is
significantly lower than the measured pressure. In terms of
absolute pressure level, however, the difference amounts to
only 2 to 3 percent of the absolute pressure. Therefore good
correlation between the experimental and computed velocity
distributions at both the diffuser and mixing chamber exits is
not contradicted by the large difference between experimental
and computed gage pressure distributions along the mixing
chamber wall. It has been pointed out by Nagamatsu [18] that
under most of the tested nozzle pressure ratios there were
“shock bottles”” within the mixing chamber which could
explain why the measured pressure readings are higher than
the computed values from the analysis of reference [12],
which assumes that no expansion and shock waves exist in the
mixing chamber. For further discussion on the mixing of
subsonic and supersonic jet flow from convergent nozzle with
the ambient air one should refer to the articles by Love et al.
[19] and Nagamatsu and Sheer [20].

Within the diffuser, favorable pressure gradients were
prescribed initially to the solid wall portion (upstream and
downstream of the suction slot) of the diffuser designed with
the irrotational flow, inverse design program. The rotational
flow computation also predicted favorable pressure gradients.
Owing to low diffuser area ratio, attached flows were
maintained even though experimental data exhibited
deceleration both upstream and downstream of the suction
slot. The diffuser was designed for Py/P,,, = 1.67. The
computed pressure distribution curves along the diffuser walls
show that the curve for Py/P,,, = 2.21 is above instead of
below that for Py/P,,, = 2.61 as the trend indicated in the
mixing chamber. This reverse trend is caused by using the
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experimentally observed diffuser inlet static pressures as the
input of the rotational flow computations and no special
significance should be attached.

F. Accuracy Statement. The accuracy of the experimental
value of ¢, presented in Fig. 5 was analyzed. Based on the
accuracy of the instruments and the uncertainty of the
readings, the following maximum errors wre encountered. At
the ejector exit plane errors of 1 percent in area due to probe
locations, 0.4 percent in density due to temperature
measurements, and 0.8 percent in velocity due to pressure
measurements existed. Similarly at the exit plane of the
auxiliary ejector, maximum errors of 4 percent in area, 0.4
percent in density and 2 percent in velocity were assessed. In
addition, a one percent maximum error in both primary fluid
mass flow rates for the ejector and the auxiliary ejector, and 1
and 2 percent maximum errors in their respective jet velocities
were assessed. Based on these values and the definition of the
modified thrust augmentation ratio (equation (1)), a
maximum error of 6.8 percent and a probable error of 4.3
percent in ¢, were estimated.

Conclusions

Two important features were brought out in this in-
vestigation:

1. The vorticity at the diffuser inlet was introduced as a
flow parameter in ejector analysis.

2. A new level of performance for ejector thrust
augmentation was established.

From inviscid rotational flow consideration, a flow reversal
will take place regardless of the amount of boundary layer
removal when the diffuser area ratio is too large for the inlet
vorticity. This inviscid flow reversal is a consequence of flow
continuity and vorticity requirements. Therefore, for each
inlet vorticity level there is a maximum value of the diffuser
area ratio. Beyond this ratio, flow reversal is inevitable
regardless of the amount of boundary layer removal. This
feature was demonstrated for the first time both analytically
and experimentally.

T. C. Tai has previously shown in reference [13] that an
optimum thrust augmentation ratio value of 1.42:1 may be
reached when the ejector diffuser was designed with the in-
cipient stall criterion for an overall //D ratio of 6:1 and A =
19. In the present investigation using a Griffith type diffuser,
an even higher thrust augmentation ratio of 1.60:1 was ob-
served for similar conditions. For A = 40 and //D 6:1, no
thrust augmentation value was predicted by Tai, but in the
present work an effective thrust augmentation ratio of 1.91:1
was attained.

In most of the test runs the thrust augmentation determined
by using momentum measurements correlates well with in-
dependent force measurements on the mixing chamber. This
correlation suggests that both the ejector inlet and diffuser
exit pressure can be approximated by the ambient pressure. At
higher flow ratios, the inlet pressure deviated more from the
ambient pressure, therefore the momentum measurements
deviated from the force measurements slightly as expected.

This investigation has shown that N\ is an important
parameter in attainment of thrust augmentation ratio. A
decrease in the thrust augmentation ratio can be expected if
there is a decrease in A. Therefore, whenever possible a larger
M or a larger mixing chamber should be used for a given size of
primary jet.
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A Simplified Method of Using
Four-Hole Probhes to Measure

N. Sitaram?
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Three-Dimensional Flow Fields

A simplified method of using four-hole probes to measure three-dimensional flow-
fields is presented. This method is similar to an existing calibration and application

procedure used for five-hole probes. The new method is demonstrated for two four-
hole probes of different geometry. These four-hole probes and a five-hole probe are
used to measure the turbulent boundary layer on a flat plate. The results from the
three probes are in good agreement with theoretical predictions. The major
discrepancies occur near the surface of the flat plate and are attributed to wall
vicinity and velocity gradient effects.

Introduction

In a recent paper [1], Shepard described a four-hole probe
for three-dimensional flow measurements. The advantages of
four-hole probes over five-hole probes, such as fewer
measurements and reduced instrumentation during
calibration and application of the probe, a simpler probe with
a smaller head, and smaller errors due to wall vicinity effect
and shear gradient effect, are offset by the complex method of
Shepherd.

The purpose of this paper is to present a simplified
calibration and interpolation method of using four-hole
probes for three-dimensional flow measurements. This
method is similar to that developed for five-hole probes by
Treaster and Yocum [2]. This new method is demonstrated
for two four-hole probes of different configuration. These
four-hole probes and a five-hole probe are used to measure
the turbulent boundary layer on a flat plate and the results are
compared with theoretical predictions.

Probe Geometry

The two miniature probes used in this study are shown in
Figs. 1 and 2, respectively. Both probe tips were fabricated
from 0.55 mm (0.022 in.) outer diameter and 0.30 mm (0.012
in.) inner diameter stainless steel hypodermic tubing.
Tangential silver solder fillets are faired between the tubes.
The probe tips are machined to a 50 degree half angle cone
and located approximately four local support diameters
upstream to reduced support interference effects. The probe
support configuration in Fig. 1 is the same for both probe
tips.

The four-hole probe tip shown in Fig. 1 is similar to that
used by Shepherd. The probe shown in Fig. 2 was used both in

Contributed by the Fluids Engineering Division for publication in the Jour-
NAL OF FLUIDS ENGINEERING. Manuscript received by the Fluids Engineering
Division, January 24, 1983.

Former graduate student, Aerospace Engineering Dept., The Pennsylvania

Stgte University. .
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CONICAL TIP

(ALL DIMENSIONS ARE IN MILLIMETERS)
Fig.1 Four-hole probe 1 geometry

the four-hole and five-hole probe modes. In the four-hole
probe mode, tube 5 was not used. Tube 5 could be eliminated
or used to mount a thermocouple. This probe has a smaller
error due to velocity gradient effect, as the probe height in the
pitch plane is equal to two tube diameter only. The four-hole
probe shown in Fig. 1 and five-hole probe have larger errors
due to velocity gradient effect, as their heights in the pitch
plane are two and one-half diameters and three tube
diameters, respectively. It should be noted that these probes

~are smaller than any commercially available probes, so that

spatial and velocity gradient effects are minimized.
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Fig.2 Four-hole probe 2 geometry
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Calibration and Application Techniges

Calibration. The probes were calibrated in the open air jet
tunnel of the Applied Research Laboratory [3] at the Penn-
sylvania State Unversity at air velocities of 34, 26 and 17
m/sec (112, 85 and 56 fps), respectively, to evaluate Reynolds
number effects. The calibration was carried out at all com-
binations of pitch and yaw from — 20 degrees to 20 degrees in
10 degree increments. At each angular setting the desired
pressures from the subject probe and the reference stagnation
and static pressures were measured. A set of calibration
coefficients for each probe were computed according to the
definitions in the following sections.

Calibration Coefficients. For four-hole probe 1 (Fig. 1) the
following calibration coefficients are defined:

Cppiwh = [Pi4 — (P, +P3)/21/D, praw =(P, - P)/D,
Cpstatic :(P_P:)/D and Cptotal = (P _PO)/D,

where P = (P, +P;+P,)/3and D = (P, — P).

For four-hole probe 2, the five-hole probe used in the four-
hole probe mode (Fig. 2), the following calibration coef-
ficients are defined:

CPTOTAL

CPSTATIC

-20 -10 0 10
a{DEGREES)

4-HOLE PROBE 1
Fig.3 Calibration curves of four-hole probe 1 (for legend see Fig. 4)

Nomenclature

O
1

pitch coefficient, defined in text (CPITCH in
figures)

static pressure coefficient, defined in text
(CPSTATIC in figures)
total pressure coefficient,
(CPTOTAL in figures)

yaw coefficient, defined in text CPYAW in
figures)

(P, = P), N/m? (psi)

probe diameter, m (ft)

pressure, N/m? (psi)

mean pressure, N/m? (psi), defined in text
Reynolds number = V,d/v, dimensionless
velocity, m/s (fps)

distance from flat plate leading edge, m (ft)
distance between flat plate and probe axis, m
(ft)

pitch angle, degrees (see Fig. 2)

yaw angle, degrees (see Fig. 2)

boundary layer thickness, m (ft)

Ppitch

O
Ii

Pstatic

defined in text

o
Il

Piotal

]
Il

Pyaw

L I T S T |

NX<®ova D

> ™ R
[t
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= nondimensionalized distance between flat plate

g =
and probe axis = Z/6
6 = flowangle = tan~!(V,/V,), degrees
v = kinematic viscosity of air, m?/s (ft?/s)
o = air density, kg/m? (slug/ft3)
¢ = meridional angle = sin~'(V,/V,,), degrees
Y = pressure coefficient
Subscripts
a = atmosphere
e = boundary layer edge
0 = stagnation quantities
m = meridional direction, direction of resultant of
the velocity components in x and r directions
r,0,x = along the cylindrical . (r,0,x). coordinate
directions
§ = static quantities
1,2,3,4,5 = refer to tube numbers of the probe (see Figs. 1

and 2)
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Fig.5 Calibration curves of five-hole probe (for legend see Fig. 4)
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Fig.6 Reynolds number effect on calibration curves

Cppi(Ch =(P3—P])/D! pra\v :(PZ_PB)/Dy
Cps[mic N (P_PS )/D and Cptolal = (Pl - PO)/D:

where P = (P, + Py)/2and D = (P, — P).

For the five-hole probe (Fig. 2) the calibration coefficients
are defined in the same manner as presented in reference [2]:

(P,~P)/D, Cy, =(Py=P3)/D,

C/’ pitch =

Journal of Fluids Engineering

(B) FOUR-HOLE PROBE 2

Pstatic

=(P-P,)/Dand C,,

(C) FIVE-HOLE PROBE

(Py = Po)/ D,

otal

where P = (P, + P, + Py +P,)/4and D = (P, - P).

The preceeding sets of calibration coefficients were found

to be the most convenient and to have high sensitivities.
Calibration Results. The calibration coefficients, at an air

k velocity of 34 m/s (112 fps) are presented in Figs. 3 to 5, for
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Fig. 7 Comparison of flow properties at X = 0.954 m and 0 deg yaw

angle

the four-hole probe 1, four-hole probe 2, and five-hole probe,
respectively. They are presented in the following forms:

i C, ' C,,yaw at various c¢and f8

pitch
(ii) Cpslalic vs o at various 3
(iii) Cl’loml vs o at various 3

From Figs. 3 to 5, it is evident that the sensivities of the
four-hole probes are comparable to those of the five-hole
probe. For example, in the region of zero yaw and pitch

angles, C, and C, . have sensivities of 0.070 and 0.055
yaw pitch

per degree, respectively, for the four-hole probe 1. For the
four-hole probe 2, the corresponding values are 0.038 and
0.072 per degree, respectively. For the five-hole probe, C,

and C

Ppitch
respectively. The sensivities of pra

yaw

have sensivities of 0.075 and 0.075 per degree,

obtained
ch

from the proposed method for all probes are slightly higher
than the sensivities of the corresponding calibration coef-
ficients of Shepherd’s method.

The negligible effect of Reynolds number variationat 8 = 0
deg is demonstrated in Fig. 6 for these probes.

and Cppn

w

Application Technique. By incorporating the appropriate
set of the previously defined calibration coefficients the
application technique is the same as that presented in
reference [2].

A brief comparison of the proposed method with
Shepherd’s method [11 is in order. In Shepherd’s method, the
space immediately upstream of the probe tip was divided into
six similar zones, to utilize the symmetry of the tip of four-
hole probe 1. In each zone, the pressures, in decreasing
magnitude, are evaluated. In determining the flow field from
the measured pressures, the corresponding set of calibration
coefficients has to be used. In the present method, such
complexity is avoided, by using the same set of calibration
coefficients for every zone,
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Fig. 8 Comparison of flow properties at X = 0.954 m and 20 deg yaw
angle (for legend see Fig. 7)

Application. To determine the accuracy of the interpolation
program, the following method was employed for all the
probes. The calibration data at three velocities were used as
measured data and the calibration coefficients at a velocity of
34 m/s (112 fps) were used in the interpolation programs. By
comparing the interpolated values with the measured data the
accuracy was determined. From this analysis the following
accuracy can be expected for measurements with any of the
three probes:

yaw and pitch angles: =+ 0.5 degree
velocites: =+ 1% of total velocity
static and stagnation pressures: =+ 1% of dynamic head
based on total velocity

Transactions of the ASME
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These estimates are valid only when the probes are in
uniform and nearly uniform flows. When they are measuring
flows, which are affected by errors due to wall vicinity and
large velocity gradient (such as boundary layers on a flat
plate), the magnitude of errors, especially in pitch angles and
static pressures, is larger near the surface. For a five-hole
probe used in reference [4], which is similar to that used in
this investigation, the maximum errors in pitch angle and
static pressure, which occur very near the surface, are less
than 3 degrees and 5 percent of dynamic head based on the
total velocity, respectively. As the probe moves away from the
surface, the errors decrease in magnitude. Beyond two probe
diameters, these errors are negligible. The same order of
magnitude of errors may be expected for the probes employed
in the present investigation. These wall effects -are in
agreement with those documented by Treaster and Yocum [2].

To further investigate the accuracy of the probe, the probes
were employed to measure the turbulent boundary layer on a
flat plate, at a distance of 0.954 m (37.5 in.) from the leading
edge of a flat plate. A trip wire was attached near the leading
edge of the flat plate, to ensure that the boundary layer
developed on the flat plate was turbulent. The results from
this experiment at 24.4 m/s (80 fps) with the probes oriented
at 0° and 20° relative to the flow in the yaw plane are shown
in Figures 7 and 8, respectively. The arrangement is shown as
an inset in Fig. 7. The resulting data from each probe are
compared with theoretical predictions for a turbulent
boundary layer, assuming a 1/7 power law for the velocity
profile [5].

The following relationships can be derived for a two-
dimensional boundary layer on the flat plate, with zero
pressure static gradient.

V/Ve=771/7
¢/O—¢/s=2(PO—Ps)/pVg

=(V/V,)2=q9¥" forZ=<s

VIV,= 1
Vo—¥,=1 J forZ=6
\bs_\[/se =0

Flow angle §=0° forall Z

Meridional angle $=0°

Journal of Fluids Engineering

The calculated boundary layer thickness at the
measurement position [5] is 20.2 mm (0.795 in.), which
corresponds to 12.1 times the probe diameter.

From the figures, it is evident that the results from all the
probes, in the region away from the surface, compare well
with the theoretical prediction. Within two probe diameters
from the surface, the errors in the static and stagnation
pressures, flow and meridional angles, and velocities are
considerable due to the wall vicinity effect.

When the probes are at a yaw angle of 20 degrees relative to
the flow direction, the errors are of the same magnitude of
those when the probes are at zero angle with the flow direc-
tion.

Conclusions

The following conclusions are drawn from the present
investigation.

1. Because of its simplicity and versatility, the proposed
method to determine three-dimensional flow using four-hole
probes is very attractive. The same method can be used for
four-hole probes of- different configuration and five-hole
probes with minor modifications.

2. The proposed method is much simpler to use than

Shepherd’s method [1]. The sensivities of C), and C, itch
obtained from the proposed method are slighﬁy higher than
sensivities of the corresponding calibration coefficients of
Shepherd’s method.

3. The results obtained from the probes compare very well
with the theoretical predictions, except within two probe
diameters from the wall where wall-proximity effects are
present.
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Orifice Contraction Coefficient for
Inviscid Incompressible Flow

The theory for steady flow of an incompressible fluid through an orifice has been
semi-empirically established for only certain flow conditions. In this paper, the
development of a more rigorous theory for the prediction of the orifice flow con-
traction effect is presented. This theory is based on the conservation of momentum
and mass principles applied to global contro! volumes for continuum flow. The
control volumes are chosen to have a particular geometric construction which is
based on certain characteristics of the Navier-Stokes equations for incompressible
and, in the limit, inviscid flow. The treatment is restricted to steady incompressible,
single phase, single component, inviscid Newtonian flow, but the principles that are
developed hold for more general conditions. The resultant equations predict the
orifice contraction coefficient as a function of the upstream geometry ratio for both
axisymmetric and two-dimensional flow fields. The predicted contraction coef-
ficient values agree with experimental orifice discharge coefficient data without the
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need for empirical adjustment.

Introduction

The flow of fluids through orifices is of practical im-
portance to industry, especially with regard to flow rate
measurement of the fluid being transported. Over the past
several decades, various standards have been established for
flow measurement methods utilizing orifices so that reliable
results could be obtained. It is interesting to note that despite
such investigation and standardization, the flow behavior or
orifices has been established universally only for certain flow
conditions and the relationships between governing variables
remains largely empirical. In this work, the theory of orifice
flow behavior is expanded and a more detailed mathematical
treatment of the representation for the flow conditions in an
orifice that exist at very high Reynolds numbers are presented.

The orifice discharge coefficient, C, is conventionally
defined to be the ratio of the actual flow rate through an
orifice to that predicted by an equation derived from one-
dimensional inviscid flow theory. In a previous paper, the
author showed that it is possible to represent the orifice
discharge coefficient by the product of three independent
coefficients termed the contraction coefficient, the viscosity
coefficient, and the flow profile coefficient [1]:

o = CAyW2g.0'Ap/(1—N)? (1a)
C = C,C.C, (1b)

In the previous paper, attention was focused on predicting
the wviscosity coefficient, C,, which corrects the theoretical
equation for streamwise viscous effects. It is the dominant
coefficient of the three at extremely low Reynolds numbers
(Re, <16). In this paper, the focus is on the prediction of the
contraction coefficient, C,, which is the dominant coefficient

Contributed by the Fluids Engineering Division of THE AMERICAN SOCIETY OF
MEecuanical Encineers and presented at the Winter Annual Meeting, New
Orleans, La., December 9-14, 1985. Manuscript received by the Fluids
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at the other extreme—very high Reynolds numbers
(Re, >10°; 8<.7). The contraction coefficient corrects the
theoretical equation for the convergence of the flow as it
issues from the orifice. A future paper will deal with the
profile coefficient, C,, which tends to be of secondary im-
portance for the standard orifice geometry under common
flow conditions, but becomes more important for orifice
flows near transition or as the orifice diameter ratio ap-
proaches unity. The profile coefficient corrects for wall in-
duced viscous effects on the flow field and as a consequence it
usually is the dominant coefficient for flow through pipes,
nozzles, venturis, and similar geometries.

The Contraction Coefficient Uncertainty

Determination of the orifice contraction effect has at-
tracted the attention of analysts and experimentalists for
many decades. When viewed broadly, the results of these
investigations have been in good agreement but, when viewed
from the contemporary requirement for high accuracy (e.g.,
+ | percent), especially for metering orifice applications, then
a rather large disparity is found to exist.

Early on, analysts were able to show that an orifice in a
plane of infinite extent, when fitted with a Borda mouthpiece,
has a theoretical discharge coefficient of 0.5 under inviscid-
flow conditions due to contraction effects [2]. In inviscid
orifice flow, the contraction solely determines the flow field
structure so that the contraction coefficient and the discharge
coefficient ‘are identical. One of the successes of potential
flow theory (also inviscid) has been the prediction of the
discharge (contraction) coefficient for the two dimensional
orifice in an infinite plane (without a mouthpiece) using
conformal transformation techniques [3]. This classic result:
2-d 2)

¢

T
C.= —— =0.611
T+2
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Fig. 1

Two-dimensional orifice flow

is in good agreement with experimental orifice discharge
coefficient data (better than with the Borda mouthpiece
resuit). On the other hand, there is an extensive body of ex-
perimental orifice data taken at high Reynolds numbers for
which the discharge coefficient is less than 0.611 [4]. Since, as
noted, the classic result is for inviscid flow (i.e., for a
Reynolds number indefinitely high), this disparity is
somewhat unsettling. Moreover, analysis based on complex
numerical schemes have more recently confirmed that the
theoretical value for the orifice contraction coefficient for
very high Reynolds numbers is indeed less than what con-
ventional potential flow theory predicts [5].

It is also interesting to note that most potential flow
theories have been developed for the two-dimensional
geometry and not the axisymmetric orifice geometry —the
geometry type for which most of the orifice discharge
coefficient data have been accumulated. While it has never
been proven in general that the contraction coefficient is the
same for the two flow types, it is possible, in the case of the
Borda mouthpiece geometry mentioned previously, to show
that the same theoretical result is obtained. In order to shed
additional light on this matter, both two-dimensional and
axisymmetric contraction coefficient theories are presented in

direction

flow
direction

Fig.2 Axisymmetric orifice flow

Approach

The basic approach uses the well accepted global-control-
volume momentum-balance technique, an elementary version
of which was used in the Borda mouthpiece orifice theory [6].
In the particular approach used here, the conservation of
mass and momentum equations are written for control
volumes having non-planar imaginary ‘‘surfaces.’”’ The basis
for this approach can be traced to the Navier-Stokes (N-S)
equations. The complete set of N-S equations for the three
common coordinate systems are readily found in the literature
and are not repeated here.

Consider first the N-S equations in the cylindrical coor-
dinate system suitably simplified by presuming the flow to be
time invariant, the density and viscosity to be constant, with
body forces nonexistent, and where the flow is invariant for
all values of the z coordinate. Under these conditions, the r-
component equation is:

v, vy I, v(,z] ap [ a <1 a )
r t— = AL\ VY
p[v or r ae r ar i ar \r or )+

1 3%, 2 du,
TR —] @)
re a6 rs af
and the -component equation is:
vy vg Oy, v,vg] 1 ap [8 (l 9 )
y—t——— === — +ul— (- = +
p[l} or r 00 r r o8 # or \r ar (roo)

i 621)9

2 dv,
this paper. t e T e ] “)
Nomenclature
b = upstream channel half width or
C = discharge coefficient w = viscosity pipe radius
C; = integration constant & = convergence angle p® = stagnation pressure
C,. = contraction coefficient ¢ = azimuth angle Re = reynolds number
C, = profile coefficient U = bulk velocity v = differential operator
C, = viscosity coefficient a = potential surface area ratio .
D = diameter (surface to base) Subscripts
p = density A = area u = upstream
v = velocity k = orifice to upstream channel s = imaginary potential ‘‘surface’’
r = radius (radial coordinate) width ratio = a/b d = downstream
y = normal to the axis coordinate v = orifice to upstream area ratio o = orifice plane
w = flowrate B = orifice to upstream diameter w = wall (upstream face of the
N = general approach factor ratio = a/b = Dy/D, orifice plane)
6 = angular coordinate p,, = mean wall pressure r = coordinate component
p = pressure a = orifice half width or radius ¢ = coordinate component
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potential "surface”

Fig.3 Control volume

These equations describe the incompressible, constant
viscosity flow in a two-dimensional convergent channel as
depicted in Fig. 1. If it is asserted that streamlines are coin-
cident with rays emanating from the line origin (equivalent to
a sink in potential flow theory) then the velocity components
in the f-direction also disappear (along with the z com-
ponents). Equations (3) and (4) accordingly simplify to the
following set:

dv, ap [a (1 ] ) 1 620,.]
[Pt AR I — 5
PV ar o Mo\ e T e )
0= 1 dp N [2 Bv,] ©)
TR VY

At very high Reynolds numbers where viscous forces
become relatively unimportant, equations (5) and (6) show
that the pressure is constant on constant radius circular arcs as
depicted in Fig. 1. With pressure constant, it follows that
velocity must also be constant on these .arcs. For a fixed
orifice opening (dimension 2a in Fig. 1), the distance to the
origin from the opening becomes infinitely large as the
convergence angle, ®, approaches zero. In the limit, the
constant potential circular arcs appear as straight vertical
lines normal to the r-coordinate axis. Under these conditions,
the r-coordinate is equivalent to the Cartesian x-coordinate
and accordingly there is no pressure gradient in the y-
direction. (This is in agreement with the commonly held and
experimentally verified notion for one-dimensional flow
fields.) Also under these conditions equation (5), with
viscosity, u, equal to zero, is identical to the Euler equation or
the differential form of the Bernoulli equation.

A similar approach can be taken for the spherical coor-
dinate system equation set. Under the same flow conditions,
and with invariance in the azimuthal coordinate, ¢, this
equation set describes the axisymmetric orifice flow situation
as depicted in Fig. 2. Again, with the assertion that the
streamlines are coincident with rays emanating from the
origin as depicted in Fig. 2, the 6-velocity components
disappear and the spherical equation set becornes:

S PO

pU, ar = ar [ Ur r_zvr ()
1 ap 2 dv
0=~ — 4 p——"

r a0 7 ae ®

When viscous effects vanish, equations (7) and (8) show
that pressure (and hence velocity) is constant on curved-
imaginary-potential “‘surfaces’’ of constant radius from the
origin, which are, in fact spherical sectors. And again, for a
fixed opening size, as the convergence angle, ®, diminishes,
the distance to the origin becomes increasingly large until in
the limit for & arbitrarily small, the spherical sector ap-
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proaches a planar circle on which pressure and velocity are
constant. This is in concert with inviscid, axisymmetric pipe
flow usually described in the cylindrical coordinate system.

The Spherical Sector Control Volume Analysis and the
Borda Mouthpiece

A number of useful deductions can be made from a flow
analysis which uses the control volume method when it is
constructed around the spherical/circular sector potential
““surface’” concept. For the first of the analyses presented
here, the control volume is constructed downstream of the
spherical sector, which, for ease of analysis, is located at the
exit plane of the orifice. The free streamlines of the jets outer
boundary as it issues from the orifice form the control
volumes boundaries as depicted in Fig. 3. The downstream
closure ‘‘surface’’ is chosen at a point where the streamlines
are parallel which, following the previous arguments, causes
it to be a planar circle. Figure 3 depicts a generalized orifice
geometry formed by an axisymmetric conical body, unlimited
in extent, having a convergence angle ¢ with respect to the
axis of symmetry. When & equals n/2, the conventional
(infinite) planar orifice geometry results. For & approaching
w, the geometry models the Borda mouthpiece orifice!. It is
important to note that Fig. 3 can represent either the two-
dimensional or the axisymmetric flow situation, the latter
when viewed in the meridional plane.

Before beginning the analysis in detail, it is well to re-
emphasize that the analysis is for inviscid flow even though
the N-S equations are fundamental to it. Accordingly, the
velocities and pressures are constant on each control volume
surface which in turn implies that a ‘“fully slipped’’ condition
prevails on any solid surface and on appropriate control
volume ‘‘surfaces.”’

We begin by denoting the ratio of the spherical sector
surface area to the orifice opening area by «. Then, referring
to Fig. 3, the global-mass-flow-continuity equation for the
control volume can be expressed as:

pUsady=pUsA,4 ©

Equation (9) can be normalized and rearranged to obtain an
equation for the velocity ratio.
EL = & (10)
Ud [0
where C, is the downstream normal ‘‘surface’’ to orifice
opening area ratio which is conventionally termed the con-
traction and in this paper is termed the contraction coef-
Sficient. Utilizing the momentum theorem, the axial force
balance on the control volume produces the following
equation:

pU32 A+ (s —p)Ag—pUs*Ay=0 (11
Dividing through by A, and replacing the area ratio by the
contraction coefficient yields:

pU52 + D5 —pd'—pU{lchzo (12)

At this point it is convenient to introduce the Bernoulli
equation. This equation can be used to relate the stagnation
pressure, p°, to the local velocity and pressure at any point in
the flow field, viz:

P’ =ps=3pU;’ (13)
. 1
P’ —Pa= EPU(I (14)

! Strictly speaking, the Borda mouthpiece has a rounded entrance lip.
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Using the mathematical ploy of both adding and sub-
tracting p° in equation (12), it is possible to substitute
equations (13) and (14) into equation (12) with the result:

1 1
RpUsz + ‘pUzIZ _pUdZCc:O

2 2 {13)
Dividing equation (15) through by U, yields:
l(&)Zﬁul—c.:o (16)
2\ U, 2 ¢

It is now possible to substitute equation (10) for the velocity
ratio in equation (16) to produce:

1 (C.>2 1
-{=) ~-C.,+-=0
2\« “© 2

Equation (17) is obviously quadratic in the contraction
coefficient C., and the solution for C, is given by the
quadratic formula, viz:

C,=a?—[o* - a?]” (18)

where only the root for a negative radical is found to have
physical significance (C, >1 has no meaning). Equation (18)
is a geometrically general result for any situation in which the
theoretical constraints can be satisfied. In particular, given
the arguments put forth in the preceding section, it is valid for
both two-dimensional and axisymmetric orifice geometries.

an

Two-Dimensional Solutions and the Wall Pressure
Problem. Some interesting two dimensional solutions of
equation (18) can be obtained when the area ratio «, is given
by the circular relation:

a=—— (Pinradians) (19)
sind
Substitution into equation (18) yields:
4,2 @4 q,z %)
C.=— - < - — - ) 20
sin?® sin‘®  sin?@ (20)

While equation (20) appears to be indeterminate at ®=0
and at &=, it can be shown through the application of
L’Hospital’s rule that as ®—0, equation (20) has the limiting
value of unity (a satisfactory result since a contraction is not
expected when fluid emanates from a constant width chan-
nel). A second application of the rule for &— 7 yields C. =0.5,
which is in accord with the classical Borda Mouthpiece result
(as well it should since the same theoretical approach has been
used). However, when the angle ®=7/2, equation (20)
predicts the contraction coefficient has a value of 0.5646, a
value substantially less than the potential flow prediction of
0.611. But, agreement can be obtained between the two
theoretical techniques at &= n/2 by fitting the orifice with a
Borda mouthpiece when the orifice plane is finite in extent.
Application of the conformal transformation theory to this
two-dimensional Borda mouthpiece geometry yields the
following result [7]:

1 1 17%
et [3-1

K K K

@n

where « designates the orifice to upstream channel width
ratio. Interestingly enough, not only does this equation
predict the same contraction coefficient value at the limit k=0
(e.g., C.=0.5), but has the same form as equation (18). It can
be seen that equation 21 approaches the value of unity as the
width ratio, «, approaches unity. With this cornerstone of
agreement established, the next question is—can the control
volume theory be made to yield equation (21).

To show that it can, it is first necessary to bring the up-
stream geometry into the equations through the use of a
control volume upstream of, and adjacent to, the previously
considered control volume. The situation is depicted in Fig. 4.
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Fig.4 Borda mouthpiece geometry

The upstream control volume is used to obtain the constraint
for the area ratio, o, instead of equation (19), since equation
(18) retains its validity. The continuity theorem applied to this
control volume yields:

pU, A, =pUsA;, (22)

which, upon rearrangement, can be expressed in analogy to
equation (16) as:

(23)

where v is the orifice-opening-to-upstream-conduit area ratio.
Again using the momentum theorem, an axial force balance
on the upstream control volume produces the following
equation:

pUuZAu +puAu —ﬁw (Au _AO)_.DSAO —pUSZAO =0 (24)

where p,, is the average area (area weighted mean) pressure
acting on the end closure surface as shown in Fig. 4. Dividing
equation (24) through by the upstream area, A4, and again
using v to represent the area ratios thus formed, produces:

pU112+p14—ﬁtv(1"'Y)‘ps’y_pUsz’Y:O (25)
Once again simplification can be gained by the addition and
subtraction of the stagnation pressure and a substitution of

the Bernoulli equation, followed by the appropriate non-
dimensionalization. The result of these operations is:

2 0_ 7
Uu _ +[p0 pw](l_’y)zo
Us P —Ds
Substitution of equation (23) into equation (26) and solving
for the area ratio, «, produces:
R ) [p° —pwJ
vy v Lp’-ps
Equation (27), like equation (18), is a geometrically general
result. For the two dimensional case, + is replaced by the
width ratio, . With this replacement, and substituting
equation (27) into equation (18), and comparing the resultant
equation to equation (21), it can be seen that the two
equations from the two different theories are identical if, and
only if, the mean wall pressure, p,,, is equal to the stagnation
pressure, p°. The important point about this finding is that
agreement between control volume theory and potential flow
theory can be obtained when pressure distributions on
relevant surfaces are made the same for both.

(26)

@n

The Elliptical Theorem and the Wall Pressure Postulate

Of special importance to this paper is the fact that equation
(27), with p,=p°, shows that the shape of the potential
surface between the upstream and downstream control
volumes is determined by the upstream area ratio. As « ap-
proaches unity so does the ‘‘surface’ area ratio, «, and this
can occur only through a distortion of the ‘‘surface’’ shape
from a spherical or circular configuration. Since the surface is
considered a true potential, it must be normal to flow vectors
at the orifice lip, which vectors are parallel to the orifice plane
at that point. An elementary geometric construct which

MARCH 1985, Vol. 107/ 39

Downloaded 02 Jun 2010 to 171.66.16.64. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



o
X

NI/ T/ 7777

’/5’,__
/‘Vl

-

!
1 i
{
- - - + -
I [
u s o d

Fig.5 Orifice with finite upstream geometry

satisfies these conditions is the ellipse. Accordingly, it is
postulated that the potential surface is either an ellipse for
two-dimensional orifices or an ellipsoid for circular orifices.
The surface area to base area for both can be shown to be a
function only of the eccentricity. In this light the eccentricity
of the potential surface is related to the pressure distribution
on the adjacent orifice plane. The question now arises as to
the correct theoretical description of the orifice plane pressure
distribution and the resultant mean pressure.

Both the spherical/circular sector control volume and the
potential flow theories can provide clues to the nature of the
pressure distribution. Returning first to equation (19) (the two
dimensional circular sector area ratio equation); for the
. conventional orifice case, ® = 7/2, this equation yields an o?
value of w2/4, Now equation (27), with v =«, will also yield
this result if the mean pressure difference ratio is given by the
following expression:

po wﬁw 7r2 K
5 =| —k—1
p’—p, 4 k—1
Next a similar expression can be obtained from the
potential flow theory by first inverting equation (17) to obtain
an expression for « in terms of the contraction coefficient.
Equation (1) can be substituted into the resulting relation and

upon comparison to equation (27), agreement will result if the
mean pressure difference ratio is given by:

pO _ﬁw [ TZK l:l[ K ]

p’-p, La?t-4 k—1
Equations (28) and (29) are quite similar and it is interesting to
note that both are functionally dependent upon the upstream
width ratio, x, and that both predict the mean pressure to be
the stagnation pressure when « is zero. Next we turn our at-
tention to developing an alternative representation for the

pressure distribution, one which presents the distribution
explicitly rather than as a mean.

(28)

29

Wall Pressure Distribution. The potential surface con-
struct eases the representation of the orifice plane pressure
distribution because it provides a means for conceptualizing
the pressure ““‘discontinuity’” which exists at the orifice lip. As
shown in Fig. 5, the fluid streaming along the wall passes
from the pressure p;, at the juncture of the lip and *‘surface,”’
to the downstream pressure, p,, via a sudden expansion. The
wall pressure distribution upstream of the orifice lip is based
on the N-S equations in the following manner. Referring to
Fig. 1, for a given streamtube of width d¥, the flow tube cross-
sectional area must vary in proportion to r for the two-
dimensional case (by analogy, in proportion to y for ®=7/2).
Flow continuity requires that:

40/Vol. 107, MARCH 1985

T (30

and substituting into the integral form of equation (5) with

w=0 yields:
U 2 2
Pw= p_—s—- <i> +C‘i
2 r

At thelip, for &= 7/2; r=r;=y,=a; p,, =p,; and thus

€3]

_ pU,?
)

By analogy to the Bernoulli equation used earlier, it follows
that the integration constant C; is identical to the stagnation
pressure p®. Using this fact and rearranging equation (31),
one can obtain the following expression for the pressure

distribution:
pO — P _ ( a ) 2
P’ —p, y

One can also show that if equation (33) is used in the in-
tegral for the wall pressure force in an axial force balance on
the upstream control volume for k=0, that the trivial result
0=0 is obtained. This meaningless identity can be avoided by
considering the finite geometry situation (i.e., x#0), and then
the orifice in an infinite plane can be treated as a limiting
condition. Further, equations (28) and (29) indicate that a
geometric variable should be found in the pressure
distribution equation. The satisfaction of these requirements
is accomplished by the introduction of a wall pressure
distribution postulate.

Various inviscid fluid-dynamic theories indicate that a
stagnation pressure condition is reached at the apex of a right
angle turn [8]. It is hypothesized here that such a stagnation
condition occurs in orifice flow at the juncture of the orifice
plane and the upstream conduit as shown in Fig. 5. It is
further conjectured that the pressure monotonically decreases
from this value to the lip pressure. A formal derivation of an
equation possessing these attributes is not attempted here;
rather equation (33) is modified to yield these characteristics
through the inclusion of « terms, in a way suggested by
equations (28), (29) and (33):

o_ 2
po pw:[(i> _Kz:l[ 1 2] (34)
P’ —ps y -«

This postulated function retains the exponential pressure
distribution characteristic while satisfying the boundary
conditions at y =a and y = b. To re-emphasize, this postulated
function must be considered a first approximation to an exact
potential flow (nonviscous) solution, presumably nonexistent
at this time. As a consequence, the use of equation (34) can
only be justified by the fact that meaningful results are ob-
tained when it is used in the control volume force balance.

The derivation of the upstream control volume force
balance equation is next repeated using an integral for the
orifice wall pressure force contribution:

ps +C; (32)

(33)

b
pU?’,b+pub—S pwdy—psa—pUa=0 (35)
a4

The postulated pressure distribution relation, equation
(34), can be utilized in equation (35) if appropriate algebraic

manipulations are performed. Performing these
manipulations and nondimensionalizing the resultant
equation produces:
Uu>2 lsbpo—pw
— + — dy—k=0 36
( ) e (36)

Equation (36) is now of the form that allows the sub-
stitution of equation (34). Making this substitution and
performing the integration results in the following equation:
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Substituting equation (23) into equation (37) and solving
for the “‘surface’’ area ratio, «, yields:

o= 2 (38)
1+« '

Equation (38) is remarkably simple and obviously satisfies
the constraint of no contraction at x=1. Moreover, at k=0,
o®=2. The corresponding value for the contraction coef-
ficient, C. from equation (17), is 0.5858. These results are
recapitulated in Table 1 which shows the similarities between
the three theoretical approaches.

Like the classic potential flow theory result, the elliptical
theory shows the contraction coefficient to be independent of
fluid-dynamic quantities (e.g., pressure ratio). Unlike the
classical theory, however, it shows the coefficient to be
dependent on the geometry.

Axisymmetric Orifice Geometry

Equations (18) and (27) are valid for the axisymmetric
orifice geometry as well as the two dimensional geometry.
Differences arise in the representation for the pressure
distribution and hence the area ratio for the potential
“surface.”’ If, in the axisymmetric case, it is presumed the

Table 1 Comparison of two-dimensional orifice theories
infinite orifice plane-k=0

surface is a spherical sector, then it can be shown that the area
ratio is given by:

2 2
T sin sinbtan®d

Interestingly enough, equation (39) when substituted into
(18) yields the same value for the contraction coefficient at
$=0 and ®=7 as does the two-dimensional equation;
namely, 1.0 and 0.5, respectively, However, at $=x/2, a
value of 0.5359 is obtained which is not only different from
the two-dimensional theoretical value, but compares even less
well with experimental values.

Unfortunately, there does not appear to have been a
conformal transformation theory developed for the
axisymmetric orifice with which to compare. However it is
possible to develop an analogous elliptical theory using a
similar pressure distribution postulate. To do this we return to
Fig. 2 and the simplified N-S equations.

The differential surface area of a spherical surface sector
annulus is given by:

(39

dA=2wr*do (40)

which, by analogy to the development used previously, results
in the following expression for the pressure difference ratio:

P’ -py _ (5)“
1 AN
It also can be shown that the use of equation (41) in the

integral term of the upstream control volume force balance
equation for the orifice in a infinite plane results in the same

@41

. N ) Contraction trivial identity, 0=0, so that once again use must be made of
Surface’ area ratio coefficient a finite upstream geometry. Presuming the existence of the
Potential flow theory o= —1.6815 0.611 corner stagnation pressure, the analogous expression for the
24 postulated pressure distribution is:
: =) o[
T W 4
Ci 2. L 20467 0.5646 =(\7) -8 ] 42)
ircular arc theory o 1 po -, r 1-p*
) Using this relation and following a development parallel to
Elliptical theory a?= - =2(@«=0) 0.5858 the tvx{o-dimens_ion.al ana.lysis, it can be shown that the
I+x following equation is obtained:
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Substituting the velocity ratio expression derived from the
flow continuity equation, equation (23), with y=#?; and
solving for the surface area ratio results in the following
expression:

(43)

2
2

o= 2 (44)
which is of the same algebraic form as the equation for the
two-dimensional orifice geometry; and more importantly, at
=0 yields the same value for the area ratio, «. In other
words, this theory yields the same value for the contraction
coefficient for the orifice in an infinite plane for both the two-
dimensional and axisymmetric geometries, even though the
equations are different. This value, C.=0.5858 is in excellent
agreement with published contraction coefficient values
determined by numerical techniques for the circular orifice
[9]. It also agrees very well with extrapolated experimental
orifice discharge coefficient data [10]. This theory shows that
for the same values for the diameter and width ratios, 8 and «
respectively, different contraction coefficient values will
result except at the limits 0 and 1. That is, analgous
geometries in axisymmetric and two-dimensional orifice flows
do not have, in general, the same contraction coefficient. On
the basis of area ratio, however, the contraction coefficient
values are identical.

Comparison With Orifice Data

It must be recognized at the outset that experimental data
do not exist with which the present inviscid orifice contraction
theory can be compared directly since all such data currently
available reflect viscous influences to some extent. There is no
known method for separating the viscous effects from
contraction effects. Viscous influences can only be minimized
by choosing discharge coefficient data which have been
obtained at the highest possible Reynolds number.

42/Vol. 107, MARCH 1985

The comparison is done two ways — first from the stand-
point of a variation in the convergence angle, ®, for an un-
bounded diameter ratio (e.g., 8=0) and for a variation in the
diameter ratio, 8, for the flat plate orifice (e.g., &= 7/2).

Using equations (18) and (39), a characteristic curve can be
constructed which displays the contraction coefficient as a
function of the convergence angle, ®. This characteristic
curve is presented in Fig. 6 as the solid line. This equation set
and the resultant curve are for the spherical sector theorem;
the only one developed with sufficient generality for this
display. The dashed curve on the figure is the expected
characteristic for the elliptical ‘‘surface’ theory once that
theory is fully developed. The dashed curve passes through a
computed data point at the only convergence angle for which
a computation can be made —at &= 7/2. The dashed curve
connects this point to the known limiting conditions. A
representative experimental data point is also shown which is
in excellent agreement with the dashed curve [4].

Figure 7 presents the variation of the contraction coef-
ficient as a function of the orifice diameter ratio, 3, using the
elliptical theorem —equations (18) and (44). A comparison
with representative orifice discharge coefficient data is also
presented in the figure. The solid curve gives the theoretical
contraction coefficient variation. Interestingly enough, the
agreement is excellent between the theory and rather old
orifice data, presumably obtained without due regard for
upstream influences [10]. On the other hand, comparison with
more recent, high Reynolds number, orifice discharge
coefficient data, taken under experimental conditions where
the upstream flow conditions were fully developed, is not as
good (the lower valued bar symbols on the figure) [4]. For 8
values less than 0.4, the agreement with the fully developed
flow data is excellent, however, a gradually increasing
disparity is evident for 8 values greater than 0.4. Since the
contraction must be zero (e.g., C,.=1.0) at the upper limit,
B=1, the low experimental values at the higher 8 conditions
must reflect viscous effects on the discharge coefficient — that
is, profile effects. It can be shown theoretically that the
profile coefficient for fully developed pipe flow is about 0.85
at high Reynolds numbers (Re=1.10%) [11]. The dashed curve
in Fig. 7 joins this value with the predicted contraction
coefficient values at the lower £ ratios to show that a much
better prediction of the orifice discharge coefficient would be
obtained with a theory that combines both effects
simultaneously. One could also expect the occurrence of
second order viscous effects on the contraction coefficient
itself at lower Reynolds numbers. Either this viscous effect, or _
the lack of long entrance sections upstream of the orifice
could account for the agreement between the theory and the
older data at the higher 8 values. Theoretical treatment of
these velocity profile effects is in progress.

Comparison With Empirical Equations

There are several strictly empirical equations for predicting
the discharge coefficient of flat plate orifices at relatively high
Reynolds numbers. A fairly recent paper by Miller sum-
marizes the agreement between these equations and applicable
data [12]. These equations are currently undergoing review
and recorrelation by a number of organizations. It is possible
to compare them to the inviscid elliptical theory by dropping
all Reynolds number containing terms. Further the elliptical
theory shows that the inviscid contraction coefficient, and
hence the inviscid discharge coefficient, is independent of all
geometric factors save the upstream diameter ratio. Logically,
it must also be independent of instrumentation location used
for the determination of the inviscid discharge velocity (which
in reality is the purpose of the Ap term in the orifice
equation). Accordingly these types of terms have also been
arbitrarily dropped from the empirical equations. With these
modifications, the Stolz equations is:
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Legend

elliptical theory (eg. 18 & 44)
--— modified Miller Equation (eq. 48)
————— modified Stolz equation {eq. 45)
— - —modified ASME-AGA equation - "vena contracta taps”
- (eq. 47)

I,

IS Py

Orifice Discharge Coefficient
°
n

| A S Sy

0 0.2 0.4 0.6 0.8 1.0
Orifice Diameter Ratio — Do /D, = 8
Fig. 8 Comparison of elliptical theory with modified empirical for-
mulas for discharge coefficient as Re—x.* Stated range applicability
for empirical equations

C = 0.5959+0.03128% —0.184f3¢

range of applicability .15 <8<.75

Re— oo 45)

All terms in the ASME-AGA ““flange tap’’ equation for the
orifice discharge coefficient contain dimensionally dependent
terms and hence this equation is too flawed for this com-
parison. However, the ASME-AGA “1-D, 1/2-D” and
‘“‘vena-contracta’ equations for the orifice discharge coef-
ficient can be modified to yield:

C = [0.6014-{—0.3760({34 +1.58'9)101 —B“)l/2
“1-D, ¥4 —Dtaps”’ (46)
Re— o0
C = [0.5992+0.4242(B4 +1.25819))(1 — g4~
‘“‘vena contracta taps’’ @7

range of applicability .15 <3<.75
Likewise, the Miller equation can be modified by dropping
the dimensionally dependent terms to give:
C = 0.5812+0.09338-0.192932 +0.164143
range of applicability .15 <3<.75

Re—o (48)

These modified empirical equations are compared to the
elliptical theory contraction coefficient prediction in Fig. 8.
Over the range of stated applicability, the empirical equations
agree with each other quite well, but depart from the
theoretical equation when S is greater than 0.4, This departure
is probably a consequence of the fact that the empirical
equations do not account for the demise of profile effects as
Re— .

Journal of Fluids Engineering

Outside the stated range of applicability the empirical
equations and the theory agree quite well for 3 less than 0.2.
In fact the Miller equation and the theory agree to two
significant figures (0.5858 versus 0.5812) at 8=0. However
for § values greater than 0.7, the equations diverge from the
theory and from each other as well. Only the Miller equation
tends to the theoretically correct value of unity at 8=1. The
ASME-AGA equation is the furthest off at a value of 0. This
result has apparently come about from a misunderstanding of
the (1-6*)" term which appears in the inviscid flow
theoretical orifice equation. It is not necessary for the

~ discharge coefficient to go to zero as the diameter ratio goes

to unity to keep the predicted flow rate finite since, for viscid
flow, the pressure drop term, Ap, goes to zero faster than the
(1-8%" term. A detailed discussion of this misun-
derstanding and of the theoretical difficulty which exists with
the appearance of dimensional and instrumentational factors
in the empirical equations, is outside the scope of this paper.

Conclusion

This paper has presented the development of a theory for
predicting the orifice contraction coefficient as a function of
the upstream area ratio. It also sets the frame work for in-
troducing the effect of the convergence angle on the con-
traction coefficient. At present, the theory has been developed
only for incompressible, inviscid flow for concentric circular
and two dimensional orifices. The theory shows that the same
contraction coefficient values are obtained for axisymmetric
and two-dimensional orifice flows at the geometry limits of
unity and zero, but:not elsewhere (when the contraction
coefficient is calculated as a function of the diameter ratio or
the width ratio). The calculated value of 0.5858 for the
contraction coefficient at a diameter ratio of zero agrees with
extrapolated experimental data and with  numerical
calculations as well. Development of a theory for the profile
coefficient and expansion of the contraction coefficient
theory to include Reynolds number effects  and “density
changes would provide the means for predicting the orifice
discharge coefficient over a wide range of conditions. Work in
this direction is in progress.
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Calculated Turbulent-Flow Meter
Factors for Nondiametral Paths
Used in Ultrasonic Flowmeters

In applying the ultrasonic contrapropagation method to the measurement of flow in
highly attenuating fluids, or to fluids in conduits having only limited access, it is
sometimes necessary to interrogate along a path other than the conventional tilted
diameter or midradius chordal paths. The meter factor K, which relates the path
average to the area-averaged flow velocity, is derived from Nikuradse profiles for
several new paths. The results enable one to locate transducers so that for the
chosen type of path, K will be (a) minimally dependent on Re, and/or (b) ap-
proximately equal to unity, or (c) represented by a simple function of Re. For
smooth-wall steady flow conditions, the error in the calculated K’s is estimated as
+2 percent + the effect due to the disturbance of Nikuradse profiles by the
transducers.

A. M. Lynnworth

L. C. Lynnworth

Panametrics, Inc.,
Waltham, Mass. 02254

1 Introduction | T I

The ultrasonic contrapropagation method of measuring the
flow velocity of liquids or gases is based on the difference in
transit time upstream versus downstream [1, 2]. The velocity
calculated from the transit times ¢, and ¢, is the harmonic
mean velocity averaged over the interrogation path. For flow
velocities small compared to the sound speed, the path-
averaged flow velocity is:

u,=c*At/2L (€))
where ¢ = sound speed (assumed constant over the path, in

the present work), Af = #, —¢, and L = axial projection of
the interrogation path in the flowing fluid Ordinarily the 0.75 Ll ! ! L

path is along a tilted diameter. 0 o2 o4 o® o8 e
The path average is related to the area-averaged flow
velocity ¢ by the meter factor K:

K=i/u, @

Consider conventional interrogation of Newtonian fluid in a
smooth-wall round pipe, along a tilted diameter path. If the
beam diameter ¢ is small compared to the conduit inside
diameter D, K = 0.750 for laminar flow and

K=1/(1.12~0.011 log Re) 3)
for turbulent steady flow, where Re is the Reynolds number

[3].

In the past, to avoid sensitivity to flow profile, paths other
than the tilted diameter have been suggested or used. For
example, in the four-chord Gaussian quadrature method,
paths are located in planes having normalized distances from
the axis X, = = 0.8611 and = 0.3399 [4, 5]. Paths at or near
the midradius chord [6, 7] are useful if the profile is known to
be axisymmetric.

Contributed by the Fluids Engineering Division for publication in the Jour-
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y/R
Fig. 1 Meter factor K versus normalized distance from wall y/R, for
ultrasonic interrogation path parallel to axis, for Reynolds numbers Re
= 4000,1.1 x 10° and 3.2 x 10°

1.2

S—
Re: 0 4000
® 1.1x10% 7]

6
® 3.2X10

S
T T
T

0.9 L
o 0.25 0.50 0.75 1.00
. y/R
Fig. 2 Meter factor K versus normalized distance from wall y/R at
which the in-the-flowstream transducer is located, for uftrasonic in-
terrogation path aiong a tilted radial segment from wali to y, for Re as in
Fig. 1
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Fig. 3 Meter factor K for symmetrical chord segment of projected
length 0.828R representing projection of uitrasonic interrogation path
that is skewed with respect to pipe axis, and located in a plane at the
normalized distance B/R from the axis, for Re as in Fig. 1

T T
‘1\ Re: © 4000
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1.1+

midradius chord

from wall
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1.0 o X o
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1
0
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4
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x/S

Fig. 4 Meter factor K for ultrasonic interrogation path in midradius
plane, along segment of midradius chord, with path skewed to pipe
axis, and of projected iength x, for Re as in Fig. 1. S = 0.866R, which is
half the length of one leg of the projected inscribed equilateral triangle
formed by three midradius chords.

The present calculations are motivated by the need to
predict X for turbulent profiles, when fluid attenuation, phase
(or cycle) ambiguity or restricted access lead one to consider
special paths which can be substantially shorter than the
conventional tilted diameter path. The insets in Figs. 1-4
define the end points of four special paths. Figure 5 includes
perspective views which make it easier to visualize how such
special paths are utilized in practical applications, for
cxample, in refinery flare stack installations [11].

2 Method of Calculation

In principle, the calculation of K would seem fairly straight-
forward, since the normalized velocity is usually represented
by a simple power law, w/U; = (¥/R)", where U, =
velocity on axis, ¥ = velocity at the distance y from the wall,
R = pipe radius, and 6 <= n < 10 for 4000 < Re < 3.24 x
10% [8]. For points at or near the wall, however, this power
law is inadequate, as previous writers have pointed out, and as
is evident from the profile data plots given in Nikuradse’s

Journal of Fiuids Engineering

PIPE RACK

Fig. 5 Practical implementations of some of the special paths of the
present work. Hustration courtesy Exxon Company USA, Baytown,
Texas [11].

1932 paper [9] or in more readily available translated
reproductions [8].

For points at or very near the wall, and some other points,
we found that a fifth degree polynomial [10] provides a better
representation of Nikuradse’s data [9] than the power law.
Tables 1-3 list normalized velocities as a function of y/R for
Re = 4000, 1.05 x 10°, and 3.24 x 105, respectively. In
Tables 1-3, the N column lists normalized values of the
velocities measured by Nikuradse. The PN column lists the
values generated by the fifth degree polynomial at the par-
ticular y/R (polynomial coefficients are listed in Table 4), and
the PL column lists the power law values. At each y/R, the
PN or PL value closest to Nikuradse’s is marked with an
asterisk (*); this information is required as explained next.

In order to find the average velocity over each given path,
(other than paths parallel to the axis, Fig. 1) y/R was first
calculated for eleven equally-spaced points along the path. A
normalized velocity was then calculated at each y/R. If the
y/R value was one used by Nikuradse, for example, y/R =
0.07, then the velocity value in the N column was chosen.
Otherwise, either the PN or PL equation was used, depending
on which yielded a velocity closest to Nikuradse’s data at the
nearest y/R that he used. For example, to find the velocity for
y/R = 0.076 when Re = 4000 (Table 1), we chose, according
to the above criterion, the power law.

For Fig. 1, the normalized velocities calculated for Re =
4000, 1.05 x 10°, and 3.24 x 10°® were converted to K using

K=(a/Ug)/(,/ Up) =it/ u, @)

In this case (paths parallel to axis) we used only the PL, not
the PN, to determine u/ U, [8]:

/Uy =2n2/(n+1)2n+1) (5

Using this equation, the ratio of mean to maximum velocity
was determined for the three values of Re we use as examples,
and the numerial results appear in Table 5 next to the K =
1.0000 entries.

The choice of the power law (PL) to represent the
Nikuradse profile is accurate enough to explain the
calculation of K for paths parallel to the pipe axis. Even
though a polynomial (PN) can fit Nikuradse’s data better
than the PL near the wall, this advantage does not appear
important in this particular example, for the following
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reason. In tests in 250 mm diameter pipe with 19 mm diameter
transducers spaced about 300 mm apart (see below) it was
found that the dominant error in calculating K for paths
parallel to the axis was due to perturbation of the profile by
the transducers themselves. Furthermore, the potential ad-
vantage of the PN over the PL is right near the wall.
Generally, this would not be a wise location because of the
profile gradient; the influence of wall roughness on the actual
profile, in practical piping situations; and the somewhat
unpredictable modulation of the sound beam by reflections
from the pipe wall.

For the other paths considered in this paper, Figs. 2-4,
depending on Re and y/R, the PN offers some slight ad-
vantage in calculating K accurately. This can be seen in Tables
1-3 by comparing PL and PN values with Nikuradse’s data.
The asterisked PN values are typically about 1 to 2 percent
closer to Nikuradse’s data than the corresponding
nonasterisked PL values. Near the wall, the PN advantage is
more obvious. Note, however, that asterisked PL values are
closer to Nikuradse’s data than the corresponding
nonasterisked PN values.

The question of how closely Nikuradse’s smooth-wall

Table1 Comparison of N, PN, and PL for Re = 4000

y/R N PN PL

0.00 0.297 0.368* 0.000
.01 411 416> .464
.02 514 461 521
.04 .584 .539 .585*
.07 .652 .630 .642*
.10 .690 .697* .681
15 137 767 129*
.20 774 .803 .765*
.30 .831 .830* 818
.40 .874 .852 .858*
.50 .906 .891 .891*
.60 .932 .938* 918
70 .954 .973 942
.80 975 .981* .963
.90 .990 975 .983*
.96 .997 .987 993~
.98 999 .998* .997*

1.00 1.000 1.014 1.000*

* Asterisks explained in text.

Table2 Comparison of IV, PN, and PL for Re = 1.05 x 10°

y/R N PN PL

0.00 0.423 0.482* 0.000
.01 535 .520* 518
.02 .581 555 572
.04 .649 616 631*
.07 .703 .688* .684
.10 739 742 720
15 778 . .800 763>
.20 .809 831 .795*
.30 .861 .859* .842
.40 .898 882> 877
.50 925 915> .906
.60 950 .953* .930
70 .967 .981* .950
.80 .981 987+ .969
.90 .994 982 .985*
.96 .998 .990 .994*
.98 999 .998* .997

1.00 1.000 1.010 1.000*

steady flow data represent actual profiles (rough walls and/or
unsteady flow) is not treated here.

3 Calculated Results and Intepretations

Graphs of K versus a path geometry parameter for the four
types of paths are given in Figs. 1-4. Of particular interest are
paths for which K nearly equals unity, and/or where K is
nearly independent of Re. Regarding practical im-
plementations, one also prefers paths for which the trans-
ducer ports can be fabricated safely and easily; paths for
which K is substantially independent of the particular trans-
ducer; and paths which do not subject the transducer holder
to excessive stress, nor the transducer to excessive wear.

Comparing paths parallel to the axis (Fig. 1 and Table 5)
one finds, as expected, that K = 1 at /R = 0.24. Here, K is
nearly independent of Re for fully developed turbulent flows.
The three values for /R in Table 5 that yield K = 1.0000 are
obtained by equating (¥/R)'" to the right-hand side of
equation (5), for n = 6, 7, and 10. The entries for y/R =
0.2929 are included because at that particular y/R, if the flow
were laminar (parabolic profile) the local velocity u, would
equal the area-averaged velocity #. Conversely, it may be
worth reiterating a point made in [1], p. 445, dealing with
the incorrect use of a ‘‘turbulent X*’ when in fact the flow is
laminar. Consider, for example, the location y/R = 0.24.
(Again, this location is preferred for turbulent profiles
because here, K = 1 with relative immunity to Re.) If the flow
profile were parabolic, but one inadvertently retained X = 1,
an error of nearly 15 percent occurs (#,/u = 0.8448). The
theoretically correct value for K is 1.1837 in this laminar flow
situation.

(It may be mentioned that the proper, i.c., theoretical or
calibrated value for K, can in fact be introduced into the
instrument’s flow velocity algorithm if the flowmeter can
compute a reasonable estimate for Re after each interrogation
based on u, and other site parameters such as pipe diameter
and kinematic viscosity [12]. The relative insensitivity of K to
Re shown in Figs. 1-4, for preferred path locations, enables
one to calculate how tolerant one may be of errors or un-
certainties in Re, for an allowable error or uncertainty in K.)

Paths parallel to the axis are the easiest of the present cases
with respect to calculating K. Air flow tests conducted in our

Table3 Comparison of NV, PN, and PL for Re = 3.24 x 10°

/R N PN PL

0.00 0.546 0.599* 0.000
.01 649 .630 631
.02 683 .658 676+
.04 732 708 725+
.07 774 767 .766
.10 .806 810* 794
15 .841 856 .827*
20 .866 881 851>
30 901 901+ 887
40 928 916* 912
.50 948 .940* 933
.60 965 .968* 950
.70 978 .989* .965
.80 .989 992+ 978

.90 .996 987 .990*
.96 .999 .993 .996*
.98 999 .999* .998

1.00 1.000 1.008 1.000*

Table 4 List of rounded-off coefficients for fifth degree polynomial of the form Y = C;, +

CX' + CX7 + CXP + CX* + CsX°

Re Co Cl C2 C3 . C4 C5

4000 0.3675 5.1063 ~22.4380 47.4210 - 45,6929 16.2502
1.05 x 10° 0.4818 3.9727 ~16.9802 35.6317 —34.2899 12.1942
3.24 x 108 0.5989 3.2324 ~13.8650 28.8959 —27.6228 9.7684
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Table 5 Normalized velocities and K’s calculated from power law u/U, = (y/R)"", and equation (4), for
paths parallel to axis

Re 4000 ) 1.05 x 10° 3.24 x 10°

n 6 7 10

¥/R u,/ U K u,/Up K u,/ Uy K
0 0 ™ 0 o0 0 oo
2 7647 1.0347 .7946 1.0278 .8513 1.0170
.2929 .8149 .9706 .8391 .9733 .8814 .9789
.2453 7912 1.0000 .8181 .9983 .8689 .9964
.2423 .7896 1.0021 .8167 1.0000 .8678 .9977
.2367 .7865 1.0060 .8140 1.0034 .8658 1.0000
4 .8584 .9217 .8773 .9309 9124 .9489
6 .9184 .8615 .9296 .8785 .9502 9112
.8 .9635 .8212 .9686 8432 9779 .8853
.9 .9826 .8052 .9851 .8291 .9895 .8750
1.0 1.0000 7912 1.0000 .8167 1.0000 .8658

Table 6 Comparison of K calculated in present work for tilted radius versus K for tilted

diameter calculated from equation (3) [3]

K, tilted radius, K, tilted diameter, Difference,
Re present work equation (3) Percent
4000 0.944 0.926 1.9
1.05 x 10° 0.941 0.940 0.1
3.24 x 108 0.960 0.955 0.5

laboratory by D. R. Wallace, however, showed that for 19
mm diameter transducer housings installed on the axis of a
250 mm diameter pipe, and spaced about 300 mm apart, the
ultrasonically measured flow was linearly related to the actual
flow but was not higher than the area-average flow (as
predicted by the present method of calculating K, which
neglects transducer effects on the profile) but in fact was
substantially lower than the area-average. This demonstrated
that the transducers behaved as significant obstacles near the
axis, and motivated the investigation of paths skewed to the
axis, or otherwise oriented so that blocking by the transducers
would not significantly affect the average flow between the
transducers. Air flow calibration tests subsequently con-
ducted in ~ 200 and 400 mm diameter pipes have shown that
small transducers installed in the flowing fluid, but at one end
of a path oblique to the flow cause much less perturbation to
the profile in the interrogated path than if the transducers
were located at the ends of a path which is parallel to the flow.

On the other hand, the well-established axial interrogation
of paths which are very long compared to the transducer
diameter, as in the so-called offset style flowcell [1, 2] in-
dicates that paths parallel to the axis can indeed yield a K
within about 2 percent of the value predicted theoretically,
depending on how the profile is sampled. Better results may
be expected, for example, when the entire cross section is
interrogated, rather than when only part of the cross section is
interrogated.

The present results enable one to locate transducers so that
for the chosen type of path, K will be (¢) minimally dependent
on Re, and/or (b) approximately equal to unity, or (c)
represented by a simple function of Re. For pipes in which the
profile is equivalent to that found in [9], and for sound beams
of diameter d sufficiently small compared to the pipe’s inside
diameter 2R, the error in the present calculated K’s is
estimated as + 2 percent =+ the effect due to the disturbance
of the profile by the transducers. (This error estimate is based
on comparing independently-calculated K’s, as discussed in
the paragraph below.) The PN coefficients and normalized
velocity comparisons may be useful in calculating K for paths
other than those shown in Figs. 1-4.

Referring now to Fig. 2, the radial segment yields X = 1 %
0.02 for paths from the wall to about 63 to 75 percent in
towards the axis. As a check on Fig. 2, K’s at y/R = 1 (tilted
full radius) are within 2 percent of the values calculated by
equation (3) for the conventional tilted diameter. See Table 6.

Journal of Fluids Engineering

In Fig. 3, for a hammock-like symmetrical chord segment
of end-view-projected length = 0.828R, K = 1 with rather
little dependence on Re for B/R = 0.7. K’s dependence on Re
is minimal for B/R corresponding to where the curves in-
tersect. As a check on Fig. 3, for B =0, K’s are less than those
given by equation (3), which makes sense since the segment
gives inadequate weight to be lower-velocity contributions
near the wall. K increases as B increases because, as B in-
creases, the chord segment samples more lower-velocity
contributions than higher-velocity contributions.

One particularly convenient and practical location for the
chord segment of projected length 0.828R is at B/R = 0.5. At
this elevation the chord lies in the midradius plane; K is about
0.92; and K varies only about + 1.5 percent over the plotted
range of Re. Note that for this midradius chord segment X is
about 8 percent less than unity, whereas if the segment
reached from wall to wall in the midradius plane, the ‘‘tur-
bulent”” K = 0.9961, according to [1], p. 495. Again, for the
midradius chord segment, K is smaller than for the full
midradius chord because the segment preferentially weights
the higher velocity contributions. In fact, for any B/R in Fig.
31

Kchord segment < Kful! chord (6)

Regarding practical applications, the geometry of Fig. 3 is
utilized in one refinery flare line in a pipe of approximately
750 mm diameter, with B/R = 0.5, and where the distance
between the radiating faces of the two transducers, measured
along the 45 deg skewed path, is 400 mm (reference [11], Fig.
10, upper right).

Turning now to Fig. 4, K approaches 1, with lessening
dependence on Re, as the midradius segment approaches the
semichord length (x/S—1), as expected, based on analyses in
[6] and [7].

In closing, it may be of interest to offer a general remark,
namely, in Figs. 1-4, the calculated curves exhibit less cur-
vature as Re increases, and as the terminus or path location
moves away from the wall. In other words, the flatter the
profile, the less K depends on the terminus or location of the
path. As an extreme example, for plug flow (perfectly
uniform flat profile), K =1 independent of the portion of the
flow that is sampled.

Practical applications of the present special paths are
illustrated and discussed in [11] and [12], with respect to
ultrasonically measuring gas flow in flare lines in a
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petrochemical refinery. Examples of the transducers used in
flare gas and some other applications appear in [12] and [13].
Practical counterparts of the paths symbolized by the insets in
Figs. 2-4 are given in Fig. 5.
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A Numerical Method for Solving
Momentum Equations in
Generalized Coordinates

A. Nakayama

Department of Mechanical Engineering,
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Hamamatsu, 432 Japan

(Its Application to Three-
Dimensional Separated Flows)

A finite difference calculation procedure has been developed for the calculations of
the three-dimensional fully elliptic flows over irregular boundaries. A simple
control volume analysis is introduced to reformulate the momentum equations in
the generalized velocity and coordinate system, without resorting to any extensive
tensor calculus. The finite difference equations are obtained by discretizing the
conservation equations in this generalized system. For a practical application of the
present finite difference calculation scheme, calculations are carried out on the
three-dimensional separated flow in a converging-diverging rectangular duct. The
calculation results reveal an extremely complex nature of the three-dimensional

separated flow.

Introduction

The complexity of the problem in numerical calculations
often stems from the treatment of curved wall boundaries. It
is possible to employ Cartesian or cylindrical polar meshes
even for the irregular boundaries. However, one must also
accept the penalties such as inefficient distributions of mesh
points and the extensive interpolative calculations so as to
satisfy the required boundary conditions. Moreover, a
considerable number of the mesh points will be wasted since
the points external to the flow field do not participate in the
calculations in any meaningful manner.

To overcome this problem, coordinate transformations
have been widely used to solve a number of complex flow
problems e.g. [1-4]. Most of these numerical calculation
procedures, however, restrict themselves to certain conditions
such as the two-dimensional configuration and the con-
formity of geometry to a certain functional form. It is quite
often that the source program requires considerable
modifications each time for a slight change in the geometrical
configuration.

The present paper introduces a general finite difference
procedure for the three-dimensional elliptic flows over
irregular boundaries. The momentum equations are refor-
mulated into arbitrary velocity and coordinate systems by
means of a simple control volume analysis without resorting
to any extensive tensor calculus. The resulting conservation
equations in the generalized system are integrated within a
finite volume element to obtain the general finite difference
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forms. It will be shown that, when the coordinate trans-
formation is introduced in this generalized manner, it is
possible to formulate the finite difference equations so
universal that a single computer code may be used for any
type of coordinate transformation simply by specifying the
coordinate base vectors appropriate to a given geometrical
configuration.

For the illustrative purpose, the finite difference
calculations are performed on the separated flow through a
converging-diverging rectangular duct. The calculation results
presented here reveal an extremely complex nature of the
three-dimensional fully elliptic flow.

Momentum Equations in Generalized Coordinate
System
Figure 1 depicts a transformed domain (¢, %, {) and its

corresponding physical domain (x, y, z). Gradient of a general
scalar ¢ may be written in either of the coordinate systems as

Vo=ip, +jo, +ko, =d'¢;+ +d*¢,+d¢; (1@

where
d' = (P xi)/1,d* = (Fexig)/ 1,d° = (Fexr,) T (1b)
F=ix+jy+kz and J="F,«(F,xF) (19

The bar indicates vector quantities such as 7 for the position
vector. The subscripts x, ¥, z, £, n, and ¢ denote their partial
derivatives, and /7, /, and k are the unit vectors in the Cartesian
coordinates (x, ¥, 2).

Referring to Fig. 1, (Jd'AnAY) may be identified as the
vector element of the area in the physical domain, which
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Fig.2 Momentum balance on a volume element

corresponds to the area (AyAf) in the transformed domain.
Correspondingly, similar geometrical relationships are valid
for d* and d°.

From the preceding geometrical consideration, one may
draw Fig. 2 where the mass and momentum balances on an
element Vol=A{AnA{ are indicated in a generalized coor-
dinate system. Referring to this figure, the momentum
balance relationship may be found to be

a - o - _
le(d"ﬁ)ﬁ‘d’ T/o+d'p/p]=0 )

where the generalized coordinates £, %, and ¢ are renamed,
respectively, by x'(i=1, 2, 3), and the usual summation
convention is adopted for a repeated index in the expression.
As explicitly indicated by the equation (1b), the vectors d' are
the contravariant base vectors such that

d’+d; =5}: Kronecker delta (3a)
where
N
d;= o Fiie., Fe, Fy,
and 7, fori=1,2,and3 (3b)

Moreover, 7 denotes the stress while the pressure and density
are indicated by p and p, respectively.

For the numerical computation, one must decompose the
vector equation (2) into the scalar form. However, there is no
need to restrict it to the conventional contravariant
representation. Another set of base vectors g;, independent of
the covariant base vectors d;, may be introduced for the
decomposition of # and 7. Such a general procedure for the

. derivation of the conservation equations in the generalized

velocity and coordinate systems is described in Appendix A.
For the flows in ducts of arbitrary cross-section, it turns out
to be convenient to retain the Cartesian velocity frame even
using the transformed coordinates appropriate to a given duct
geometry. The momentum equation for this case as described
in Appendix A is given by

0 - _oul
J (d}ujuh - VeffGU 'L)

ax’ ax’/
. I .o 8 . oW
=—-d, p + o Jd/dﬁw« (4a)
where
di=d'+¢; and vr=v+v, (4b,c)

€; is the Cartesian unit vectors while GY is the metric tensor as
defined by equation (All) in Appendix A. The effective
viscosity (v.;) formulation as described in equation (AS5) is
adopted for the stress components where » is the laminar
kinematic viscosity while , is its turbulent counterpart which
should be set to zero for the laminar flow case (The sub- and
super- indices used here should not be confused with those in
the general tensors).

Finite Difference Form

It is interesting to note that, when u” (for a particular ) is
regarded as a general scalar ¢, the left-hand side of equation
(4a) appears to be identical to the transformed form of
JV o (i — vy V@), namely, the convection and diffusion
rates of the general scalar ¢. Thus, upon setting the right-
hand side of equation (4a) to the source term so, one may
write the general conservation form as

(5a)

a o . 00
axi J (d}uj(,'b_ VeffGUW) =S50

The effective diffusion coefficient 1)5“ and the source term so

to be substituted into the above general equation are listed
below for the continuity, momentum, and energy equations.

For the continuity equation:

=1, v=0,50=0 (5b)
For the momentum equations (#=1, 2, 3):
p=uk, Veer = v+ vy,
so=—l—{ 5,—;%+%Jdﬁ,% (50)
For the energy equation:
¢=T, veg=v/ic+v,/0o,, 50=0 (5d)

where T'is the temperature while o and o, are the laminar and
turbulent Prandtl numbers. For the turbulent flow
calculations, the turbulence model equations may be added to

Nomenclature
_ g" = recriprocal vectors of g; x| = generalized coordinates
d; = covariant base vectors J = Jacobian of transformation 8 = Kronecker delta
d' = contravariant base vectors p = pressure v = kinematic viscosity
é; = Cartesian unit vectors F = position vector o p = density
g; = velocity base vectors u = velocity vector T = stress
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Fig. 3 Grid nomenclature for discretization

the governing equations in a similar fashion without any
difficulties.

Since all governing equations are expressed by a single
expression given by the general equation (5), the discretization
can be carried out once for all governing equations following
the procedure employed in the innovative work on the three-
dimensional parabolic flow by Patankar and Spalding [5]. For
this purpose, the general equation (5) is rewritten as follows:

d
a3 (v 131222 ) =504 450 (9) (60)

where
$9(8)= 5 GV~ 1817601 20 (6b)

In the above equations, the index associated with the absolute
value |d; i is to be excluded from the summation rule. Hence,
Id; 12 = d‘ d' for a particular / (no summation on i). Only the
diagonal components of the metric tensor G¥ are retained in
the left-hand side of the equation (6a). Its counterpart s° in
the right-hand side accounts for the nonorthogonality since it
obviously vanishes for the orthogonal set of d'.

The finite difference equation is reduced by integrating the
general equation (6ad) within a finite volume element of
Vol=Ax! Ax? Ax*. The details of this discretization procedure
has been already given by Patankar and Spalding [5] for the
three-dimensional parabolic flow. Since its extension to the
fully elliptic form is rather straight forward even in this
transformed coordinates, only the final form of the difference
equation is given below:

A+ A7) =AF ¢ +AT ¢7~ +50 (7a)
where

O= (s +50) |,io Vol (7b)

= —f COf +DI} e

A7 =f; CO +DI; ona)

, no summation on

COP = Jdr (Vol/ &'y ,i() e

and
DIV =g 1@ 12/8x0) (Vol/ Ax') i ) @)

The locations of ¢ (o7 +, ¢, ¢?), the interpolation factors

+,f7) and the internodal distances (Ax',6x’*, &x'~) are
shown for a particular general coordinate x’ in Fig. 3. In the
above equations, the subscript i such as in ¢; and A; indicates
that the quantities are to be defined along this particular x'-
coordinate, while the superscripts such as 0, +, and — refer
to the relative locations (along x') where the quantities are
evaluated. Furthermore, the summation rule is effective in the
finite difference equation (7a) while the rule does not apply in
the equations (7¢—f) (again, the present short-hand notation
should not be confused with the tensor notation since ¢,, 4;
etc. are all “‘scalar’’ quantities). The resulting finite difference

Journal of Fluids Engineering

equation (7a) gives an algebraic equation for the scalar
#°(=¢) =93 =¢9) in terms of the values at six neighboring
nodes. Thus, if the pressure field is given, the finite difference
equation (7a) can be written for each variable at each node.
This procedure, then, vyields a closed set of algebraic
equations, which can be solved by any standard iterative
scheme such as the tridiagonal matrix algorithm. However,
the velocity field thus obtained usually does not satisfy the
continuity equation, since the pressure field assumed
beforehand does not represent the true pressure field.
Therefore these pressure and velocity fields must be sub-
sequently adjusted to satisfy the continuity principle.

For the correction on the pressure and velocity fields,
Patankar and Spalding [5] formulated the ‘‘pressure
correction equation’’ equivalent to the Poisson’s equation for
the pressure field by substituting an abbreviated momentum
balance relationship into the continuity equation. This
pressure correction equation can be solved most effectively
using the so-called ‘“‘staggered’’ grid system, in which the
velocities are defined midway between the pressure nodes.
The present formulation of the pressure correction equation is
in essence identical to the one developed by Patankar and
Spalding for the three-dimensional parabolic flow. The details
of the formulation for the three-dimensional fully elliptic flow
of the present concern are given in Appendix B for the
generalized coordinate system. The final expression of the
pressure correction equation (B14) takes the same form as the
general finite difference equation (74).

Numerical Solution Procedure

The resulting closed set of the finite difference expressions
is universal in the sense that it can be used for any coordinate
systems simply by spatially specifying the coordinate base
vectors (d; or d’) appropriate to a given flow configuration.
This input procedure for the base vectors can be carried out
either analytically or digitally.

For the flows in ducts of variable cross-section, a family of
grid systems may be conveniently specified analytically as

’_'=xlé1 +Y,bx2é2 +X3é3 (8)
where Y,, is the vertical distance between the upper wall
boundary and the horizontal plane of symmetry so that x?

varies from zero to unity. Subsequently, the equation (8)
specifies dj as

J————g—
i 1 0, 0
i 2 9 InY, 1/Y, 2 9 InY, 9)
dj= —X ﬁ nr., thy —X _x3‘ nr,
0, 0, 1

Once the duct geometry is given in terms of Y, (x!, x*), all
coefficients and source terms needed for the finite difference
equations can be specified by substituting the equation (9) into
the corresponding equations. The function Y,, of the con-
verging-diverging duct for the test calculations is described by

Y/ Lo =1~ 3 €XPL= (25 /Ly (10)
The reference length L, is a half of the duct width while the
reference velocity . is taken as the uniform velocity at the
inlet of x! = —5L ;. The laminar flow calculations (without
solving the energy equation) have been made at Reynolds
number u,L /v=50, for a quadrant of the duct over the
axial distance of 32 L, with a highly nonuniform grid layout
(30x9x%x9). At the outlet, the zero gradient conditions are
imposed for all variables except the pressure. It has been

confirmed that the solution is not affected by shifting the

outlet boundary farther downstream.
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Calculations start with solving three momentum equations.
Then, the resulting velocity field and the pressure field are
corrected by solving the pressure correction equation, and the
sequence is repeated till the solution converges. The
requirement for the convergence has been taken as satisfied
when the maximum change in each variable during an
iteration becomes less than a prescribed value, 10-3. The
computational time required for this case is approximately 14
minutes on the CDC CYBER 175 computer system.

Prior to the calculations on the converging-diverging duct,
the preliminary calculations were also carried out on various
duct geometries such as the square duct, the triangular duct
and the constricted circular duct. Some of these results were
examined against the exact solutions (fully developed flows),
and others against numerical solutions. The agreement of the
present solutions with these available solutions has turned out
to be excellent. Neither of the non-orthogonality of the
coordinates nor the nonuniform grid spacing affected the
solutions. Thus the accuracy of the present finite difference
solution procedure has been thoroughly checked. '

52/ Vol. 107, MARCH 1985

Calculation Results

The calculation results obtained for the converging-
diverging rectangular duct are discussed below. The axial
variation of the pressure field is shown in Fig. 4 where the
pressure at the inlet is taken as the reference pressure p,¢. It is
seen that the pressure field in the expansion region exhibits
high and low pressures at the side wall (p;) and top wall (p,)
bisector points, respectively.

The velocity field is plotted at the three selected axial
stations in Figs. 5 in terms of the axial velocity contours (in
the left-hand side) and the cross flow vectors (in the right-
hand side). As the flow passes through the throat, the cross
flow vectors pointing originally at the horizontal plane of
symmetry (Fig. 5(@)), change the direction toward the top wall
bisector point, conforming to the pressure field prevailing
through the expansion region. The on-set of the separation is
shown in Fig. 5(b) where two distinct reverse primary flow
regions are observed near the corner and the top wall bisector
point. By the time the flow reaches the station at x=0.41 L
(Fig. 5(c)), two regions coalesce to form one big reverse flow
region, and the secondary flow currents are continuously
drawn into this reverse flow region. The separated flow region
expands further downstream, changing its location of the
maximum reverse flow velocity from near the top wall
bisector point toward the corner, and the flow finally reat-
taches around x=2.2 L ;.

Concluding Remarks

A general finite difference calculation procedure has been
developed for the prediction of the three-dimensional fully
elliptic flows. The conservation equations are reformulated
into the generalized velocity and coordinate systems using a
simple control volume analysis which unhooks the velocity
base vectors from the coordinate (covariant) base vectors.
Although the Cartesian unit vectors are chosen for the
velocity base vectors in the present study of the three-
dimensional duct flows, there are no special difficulties in
generalizing the present calculation method with variable
velocity base vectors upon discretizing the equation (A4) in
Appendix A instead of equation (5).

References

1 Thom, A., and Apeit, C. J., Field Computation in Engineering and
Physics, D. Van Nostrand Co., London, 1961.

2 Lee, J. S., and Fung, Y. C., “Flow in Locally Constricted Tubes at Low
Reynolds Number,”” ASME Journal of Applied Mechanics, Mar. 1970, pp.
9-16.

3 Chow, W. L., Bober, L. J., and Anderson, B. H., *“‘Numerical Calculation
of Transonic Boattail Flow,”” NASA TN D-7984, 1975.

4 Nakayama, A., and Chow, W. L., ““Calculation of Transonic Boattail
Flow at Small Angle of Attack,” ME-TN-395-6, Dept. of Mech. and Industrial
Eng., University of Illinois at U-C, Rept. prepared for the Research Grant
NASA NGL 14-005-140, 1979,

5 Patankar, S. V., and Spalding, D. B., ‘A Calculation Procedure for Heat,
Mass and Momentum Transfer in Three-Dimensional Parabolic Flows,”’ Int. J.
Heat Mass Transfer, Vol. 15, 1972.

6 Gal-Chen, T., and Somerville, R. C. J., ““On the Use of a Coordinate
Transformation for the Solution of the Navier-Stokes Equations,”’ J. Computa-
tional Phys., Vol. 17, 1975.

7 Warsi, Z. U. A., “Conservation Form of the Navier-Stokes Equations in
General Nonsteady Coordinates,”” AIAA Journal, Vol. 19, No. 2, Feb. 1981,
pp. 240-242.

8 Nakayama, A., “‘Three-Dimensional Flow within Conduits of Arbitrary
Geometrical Configurations,”” Ph.D. thesis, University of Illinois at U-C, Apr.
1981.

9 Nakayama, A., Chow, W. L., and Sharma, D., Summary of Methods sub-
mitted to the 1980-81-HTTM-Stanford Conference on Complex Turbulent
Flows, Sept., 1981.

APPENDIX A

Derivation of Momentum Equations in General Coordinates

The velocity # and the stress 7 may be decomposed by an
arbitrary set of vectors g; as

Transactions of the ASME

Downloaded 02 Jun 2010 to 171.66.16.64. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



u=gu' and 7=(g,g)7" (A1,2)
where the dyadic operation ( , ) is used for the stress. The
present approach may be found to be quite different from a
general-tensor approach in the sense that the velocity base
vectors g, are arbitrary and “‘unhooked’’ from the coordinate
(covariant) base vectors d; (Note, u' and 7¥ are no longer the
contravariant tensors since g; =d; in general.) The momentum
equation (2) may now be decomposed by the reciprocal
vectors g’ defined as

gleg; =8 (A3)
The scalar product operation between the vector momentum
equation (2) and the vectors g" yields the following scalar

form of the momentum equation in the generalized velocity
and coordinate systems:

a o ; L .
—IDi (W' — 7"/ p) + i DL (W u — 7%/ p)

ax!
J 4
~IpnP (A%)
0 ox'
where
Tjk/pl/eff = Ejk + ij (AS)
) 7 du*
Ejk =Dlj ( axl +'Y;§num> (A6)
S Lo ad
Di=dg;,, DV=d'+¢/ and 'y,’§- =gks & (A7,8,9)

axt

The general equation (A4) may be appreciated by actually
specifying g;,. The contravariant representation of the
momentum equations, for example, may readily be obtained

by setting g; =d;, which yields
Di=¢, D'=Gi=dd

and

a .
P d; (A10, 11, 12)
Naturally, DY and ~% for this case have reduced to the con-
travariant components of the metric tensor GY and the
Christoffel symbols of the second kind I‘{j-, respectively. The
substitution of the above relations into equation (A4) leads to
the expression identical to the one derived through a general
tensor analysis by Gal-Chen and Somerville [6] and Warsi [7].
For the duct flows of the present concern, the velocity base
vectors g; may be unhooked from the covariant base vectors
d;. The transformation in the text has been carried out by
setting g; in equation (A4) to the Cartesian unit vectors. The
resulting equation (4a) in the text may be found to be identical
to the one obtained by the authors [8, 9].

7{5’=F§'Eak'

APPENDIX B

Derivation of Pressure Correction Equation
Upon setting ¢ =u" (h=1,2,3) in equation (74) in the text,
three momentum equations may be written collectively as
(AFA7) W) =AfF (M) P+ AT (W)™
+SO+by (pi” ~pi") (BDH

where

I . )
b= —dj,(Vol/Ax") | io (no summation on ) (B2)
Io}

Here, the pressure term is treated separately from the
momentum source SO. The pressure p and velocity u” may be

decomposed into the estimated value (;) and .Zlh) and its
correction (p and #") as

Journal of Fluids Engineering

P=p+p and ut=uh+4" (B3,4)

The substitution of the above equations into equation (Bl)
yields

") =By, (Py —pi) (BS)
where
bun .
B, (no summation on /) (B6)
(1—&y) Y (AF +A7)
i
and
, i#h
A (M) + A7 (W07~ +SO+ Y by (b7 —hit) )
&h = !

(UAr +A7)

The summation
3

)

j=

is to be denoted simply by

while

indicates the summation over the two values of the repeated
index { whose value is different from that of 4. Equation (BS)
is formulated so that each velocity correction %" at x© is to be
affected directly by the pressure correction p at x"* and x/~.

For the continuity equation, the finite difference equation
(7a) reduces to

Y (coi —cory=0 (B8)
i
or
Y2 (coij—coj)=0 (B9)
iJ
where
coy; =Jdiu! (Vol/ Ax')
(no summation on i nor j) (B10)
i.e.
(B11)

CO;= Eco,-j
J

*
Again, deco;nposing CO; into the estimated value CO; and its

correction CO;, the continuity equation (B8) may readily be
rewritten as

Z} (¢oit—co7)= — 2 (Cop-Cor)-B (B12)

where
i)

BEE E (cojf—cop)
i

Upon noting the locations of the pressure nodes relative to
those of the velocities in the staggered grid system, the sub-

(B13)

. stitution of the equation (BS) into the left-hand side of the

continuity equation (B12) leads to the following pressure
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correction equation in the form identical to that of the general
finite difference equation (7a) in the text:

A+ AT =AF Pt + A7 pr= + S0 (B14)
where '
so=-Y (Cor —Co;)-p (B15)
and
" A =1diB,(Vol/Ax)| o)
(no summation on /) (B16)

Thus, the pressure correction equation (B14) may be solved
in the same manner as for the other governing equations.
Subsequently, the velocity and pressure fields can be corrected

54/ Vol. 107, MARCH 1985

using equations (B3,4) and (B5). The coefficient needed in the
pressure correction equation must be evaluated from the
current information available during the course of the
iteration. With this view, the correction coefficients &, and
may well be set to zero since this remains to be a good
estimation during the course of the iteration, and obviously
becomes the exact condition as the solution converges,
namely, p—0 and #" —0. A similar practice has been adopted
also by Patankar and Spalding [5].
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Introduction

In flow experiments in which repeated rib roughness
configurations were used, the geometrical parameter used to
describe the roughness patterns is the ratio of the spacing
between the elements, P, to the spacing between the elements,
K (P/K). Morris [1] has categorized this flow into three
regimes: quasi-smooth (low P/K, P/K <7), hyperturbulent or
wake interference (medium P/K, 7 < P/K < 16), and isolated-
roughness-element (high P/K, P/K>16) flow regimes. The
flow was further separated into an outer and an inner flow
region. The outer region is defined as that flow region
unaffected by the presence of the roughness elements whereas
the effects of the roughness elements on the fluid flow
properties are confined in the inner layer.

In the quasi-smooth flow regime, the outer layer is large in
comparison with the inner layer. Therefore, the turbulence
profiles in the outer layer are expected to be similar to those
found for smooth walls. There are several sand-roughened
pipe turbulence flow measurements that demonstrate this
fact. Robertson et al. [2-4] noted that for these types of
surfaces, the turbulence parameters in the outer flow region
of the rough wall are essentially the same as the smooth pipe
when normalized with the shear velocity, U,. Goma and
Gelhar [5] and Chen and Roberson [6], using discrete
roughness elements in pipes, reached the same conclusion.

For the isolated-roughness-element and hyperturbulent
flow regimes, the outer layer is expected to behave in the same
manner. There is little data available for the inner layer of
repeated-rib rough wall geometries and of those available,
they are for developing flow from smooth to rough wall
surfaces [7-11]. As the wall is approached in the inner layer,
the surface roughness produces a very sharp rise in the tur-
bulence parameters. Downstream of the element, this effect is
reduced and smaller increases in the turbulence parameters
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the roughness height to the pipe diameter (K/D), the ratio of the spacing between
the elements to the roughness height (P/K), the axial position within a rib cycle,
and the Reynolds number. For small P/K values, the turbulent intensities and
Reynolds shear stress variations were similar to those found for smooth wall pipe
flow. Unique relationships for the u’ and v’ were found that were valid in the outer
layer of the flow for all axial positions and all values of P/K and K/D.

are observed. The inner layer thickness also experiences a
periodic variation between roughness elements for these two
flow regimes.

Rough wall pipe eddy diffusivity data are limited. Two
types of small and large sand-roughness pipes were examined
by Powe [12]. In both cases, the variation of the eddy dif-
fusivity parameter, ¢/UR, for the rough and smooth walls
were similar. Liu [13], in a study of a flat plate roughened
with transverse square bars, obtained the same ¢/ U R versus
Y/6, values for rough wall element P/K values of 2, 4, and 12
as for a smooth wall. §; is the boundary layer thickness of the
wall roughess. No detailed eddy diffusivity data are available
in the literature on a repeated rib pipe geometry.

This study examined experimentally the axial and radial
variationsof u’, v’, uv, and e for turbulent flow over a
repeated rib rough wall. The roughness configurations were
changed so that a wide range of rough wall flow regimes could
be studied.

Experimental Facility

Two circular duct configurations were utilized to conduct
the experimental measurements. In both systems, air was
filtered at the bell-shaped inlet to the duct system by a HEPA
filter to produce particle-free air. The maximum attainable
Reynolds number, based on the hydraulic diameter, in the
smalll and large diameter systems was 150,000 and 170,000,
respectively.

The small diameter system was constructed from 0.35 cm
thick wall, 10.17, cm O.D. stainless steel pipe. The total
length of the system was 8.53 m. The configuration was
constructed of a series of 0.91 m and 0.45 m pipe sections that
were connected with vacuum ‘‘O”’-ring flanges. When in
place, the effective roughness height (K) of the small system
was 0.635 cm. The tolerance between the spacer rings and the

_pipe was 0.051 cm. The distance, R, from the center of the

pipe to the spacer surface was 4.4175 cm. The various P/K
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Table 1 Axial location of measurement stations (X/K
values)

X/K
Station
P/K X1 X2 X3 X4 .
Small Pipe System K = 0.635¢cm R =4.4175cm
2 0.5
5 -1.5 1 3.5
7 1 3 5.5 1
10 -1.5 1 5 8.5
13 -1.5 1 5 11.8
16 -1.5 1 8 14.5
19 -1.5 1 8 17.5
22 ~1.5 1 11 20.5
25 ~1.5 1 11 22.5
Large Pipe System K =10.954¢cm R = 9.5275cm
2 0.5
13 ~1.5 1 5 11.5
24 ~1.5 1 11 22.5

geometries used in the small system were 2, 5, 7, 10, 13, 19,
22, and 25.

The second pipe system, the large pipe system, was con-
structed from 0.305 c¢m thick wall, 20.3 ¢cm O.D. stainless
steel. The total length of this system was 13.41 m. Custom
0.305 cm thick aluminum angle iron was bent into rings that
gave roughness elements 1.27 ¢m wide and 1.27 c¢cm high.
When in place, the effective roughness height (K) was 0.954
cm. The value of R for the large system was 9.5275 cm.

In order to obtain a fully developed profile as rapidly as
possible, roughness elements (P/K =2) were placed upstream
of the test section. Seventy and seventy-five diameters were
sufficient for the small and large pipe systems, respectively, to
achieve a fully developed flow condition. The positions of the
four axial measurement locations are given in Table 1. The
first region, X1, is directly behind the step (X/K = —1.5).
The second region, X2, is defined by the recirculation region
(0 < X/K < 5) and the third region, X3, extends from the
reattachment point downstream of the element to the vicinity
of the donwstream element. It should be noted that the X1
and X4 locations were measurement points at the same
relative positions with respect to the upstream side of the
roughness element for the ith and i+ 1th cycles. The velocity
and turbulence measurements were made for three Reynolds
numbers at each measurement.

For static pressure measurements, two static pressure tubes
were placed at the center of pipe to minimize the influence of
velocity fluctuations. Hot-film or hot-wire anemometry
techniques were used to measure the turbulent mean flow
characteristics.

Outer Layer

_rl}r'_"x Jl——!lnner Loy-ér !—'_

Schematic diagram of experimental repeated rib configuration

Fig.1
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Fig.2 Fluctuating axial velocity components in rough wall pipe at PIK
= 2 for KID values of 0.0714 and 0.0938. The uncertainty in the values of
(u’)* are = 16 percent.

Experimental Results and Discussion

Detailed measurements were made of the variation of u’,
v’, and uv for a large number of repeated rib configurations.
The shear velocity, U,, was determined from friction factor
data in the conventional manner. Rib spacing to element
height, P/K, values of 2, 5, 7, 10, 13, 16, 19, 22, and 25 for
the small pipe system (K/D = 0.0714) and P/K values of 2,
13, and 24 for the large. pipe system (K/D = 0.0938) were
examined. This paper summarizes the results of these ex-
periments and presents some typical results.

Outer Layer Results. In the quasi-smooth flow regime, the

Nomenclature

P = length of one cycle of u’ = fluctuating axial velocity
repeated rib geometry component

K = height of the roughness v’ = fluctuating radial velocity Exact location depends on
element L component P/K value.

U, = shear velocity uv = Reynolds shear stress X = axial distance measured from

¢ = turbulent fluid eddy dif- component downstream of the roughness
fusivity X1 = measurement location at element

R = smooth pipe radius or the axjal distance of X/K = D = pipe diameter, 2R
inner spacing radius - —1.5. v = intercept of eddy diffusivity
measured i X2 = measurement location at ' near the wall at station X3

Y = distance measured from inner axial distance of X/K =1 B = slope of eddy diffusivity near
spacing toward the center of: X3 = measurement location ap- the wall at station X3
pipe proximately midway between R,, = radial location of the mean

6; = inner layer thickness the roughness elements. outer layer
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Fig. 3 Fluctuating axial velocity components in rough wall pipe at PIK
= 13, 19, and 25 in the small pipe system and measurement positions
X1, X2, and X3. For PIK = 13, Re = 98,100, uy = 2243cm/s,us = 256.8
cm/s. For PIK = 19, Re = 98,800, ug = 2300 cm/s, ug = 239.6 cm/s, and
for PIK = 25, Re = 93,200, ug = 2149, cml/s, ug = 229.9 cmis. The
uncertainty in the u/u’ g values is + 25 percent.

outer layer extends from the pipe center to the top of the
elements. For P/K values of 2 and 5 in the small pipe system
and P/K of 2 in the large pipe system, the axial fluctuating
velocity, u’/U;, and the Reynolds shear stress, uv/U?, were
approximately the same in the outer layer as that for smooth
wall flow. The radial fluctuating velocity component profiles
in the small pipe system had a smaller slope than the smooth
wall profile. The ratio v’'/U; increased linearly from a value
of 0.459 = 0.003 in the center to 0.577 + 0.033 in the vicinity
of top of the elements. In the larger pipe system, v’/ U, values
were essentially the same as the smooth pipe data. Figure 2
gives typical results for the axial fluctuating velocity. This
result agrees with Robertson et al. [2] and Chen and Roberson
[6], Where they observed that the rough wall turbulence
parameters for discrete wall roughness elements when nor-
malized with U, are approximately the same as the smooth
wall measurements in the outer region.

For the hyperturbulent and isolated-roughness-element
flow regime the shear velocity was not the best characteristic
velocity for the fluctuating velocities. Normalization utilizing
the fluctuating velocities at the center of the pipe gave the best
results. . ’

Figures 3 and 4 show the axial and radial fluctuating
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Fig. 4 Fluctuating radial veiocity components in wall pipe at PIK =
13, 19, and 25 in the small pipe system and measurement positions X1,
X2, and X3. For PIK = 13, Re = 98,100, ug = 2243 cmis, ug = 256.8
cm/s. For PIK = 19, Re = 98,800, ug = 2300 cm/s, us = 239.6 cm/s, and
for PIK = 25, Re = 93,200, ug = 2149, cm/s, ug = 229.9 cm/s. The
uncertainty in the viv' g values is + 15 percent.

velocities at three axial positions (X1, X2, X3) for geometries
with P/K values of 13, 19, and 25 for the small pipe system.
These results are typical for all geometries in these flow
regimes. The expressions

’ R o
Y o154l v10 om Iy
u'y R R B
and
: R
Y _0381. +1.0 () om T g
v’ R R B

were found to be valid in the outer layer of the flow for the X2
and X3 axial positions for all geometries in both the large and
small diameter pipe systems, and for Reynolds numbers
ranging from 95,000 to 150,000 for all P/K values, and for
K/D between 0.0174 and 0.0938. The outer layer distances,
R, for the various geometries are given in Table 2. The
square of the shear velocity, U,, was the best normalization
parameter for the Reynolds shear stress for all stations and
geometries.

Inner Layer Resuits. Turbulence measurements in the inner
layer were more complex for the hyperturbulent and isolated
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Table2 Mean outer layer thickness, R,

Stations
P/K X2 X3
Small Pipe System
7 0.85* 0.85*
10 0.85 0.90
13 0.79 0.92
16 0.82 0.91
19 0.65 0.93
22 0.76 0.91
25 0.61 0.91
Large Pipe System
13 0.84 0.94
24 0.84 0.91

*Uncertainties in these values are + 0.03

roughness configurations. Figures 3 and 4 also give typical
results for each of three axial positions in these regimes.

At the first position (X1), the axial fluctuating velocity
components u’/u’y, and v’/v’y were similar for all
geometries. Apparently the presence of the step was the
dominating feature of the region and the flow did not
distinguish between regimes. At the second position (X2), all
the turbulence parameters increased sharply in the vicinity of
the roughness element. The rate of increase varied little with
geometry when the fluctuating velocities were normalized
with their corresponding center of pipe values. This rate of
increase was a more pronounced function of P/K, however,
when these parameters were normalized with the center of
pipe mean axial velocity. The turbulence parameters for P/K
of 7 and 10 in the small pipe system showed negligible peaks
caused by the presence of the step. These profiles were similar
to the P/K of 5 geometry of quasi-smooth flow regime. All
the plots of the turbulence velocities at the third position (X3)
had approximately the same shape regardless of the axial
position. The data suggest that the turbulence flow quantities
beyond the attachment point reached a quasi-equilibrium
state and did not change until the flow encountered the next
step.

The variation of the shear stress at each of the three
positions is given in Fig. 5. At position 1 (X1), it is seen that
for P/K of 5, the shear stress distribution is linear until the
top of the element is reached. As the spacing between the
roughness elements is increased (higher P/K values), the
effect of the step becomes more pronounced. For P/K values
greater than 10, the effect of the element on the shear stress
extends into the flow to (R —r) /R values ranging between 0.3
and 0.35. The shear stress variation at position 2 (X2)
characterized by a decrease as the element is approached
followed by a sharp increase in the stress at the top of the
element. The effect of the element on the flow extends to (R —
r)/R values of 0.4 to 0.45. Position 3 (X3) data gives insight
into the variation of the shear stress with distance downstream
of the element. It is seen that for X/K =11, the shear stress
““overshoots’® the linear distribution expected for rough wall
flow. Siuru and Logan [9] reported similar ‘‘overshoot’’
results. Data at position 3 (X3) represent flow conditions near
the midpoint between the elements for each configuration. As
can be seen from the figure, the “‘overshoot’’ does not occur
for P/K values less than 19. Figures 3, 4, and 5 also confirm
the periodic nature of the flow in the inner layer as reported
by Siuru and Logan [9] for P/K values greater than 5(77).

Turbulent Eddy Diffusivity. The Boussinesq definition of
the eddy diffusivity was used. In the quasi-smooth flow
regime, the eddy diffusivities were distinctly different from
other flow regimes. Figure 6 shows the eddy diffusivities for
P/K of 2 in the small pipe system and in.the large pipe system,
respectively. In generai, the eddy diffusivity in this flow
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Fig. 6 Turbulent eddy diffusivity in the quasi-smooth flow regime for
PIK = 2 in the small and large system. The uncertainty in the /Ug R
values range from = 13 percent at (R—r/R = 0.866 to + 7 percent at
(R—r)R = 0.326 to + 10 percentat (R—r)/R = 0.164.

regime increased from a small value near top of the element to
a nearly constant value in the region of the pipe center.

In the isolated-roughness-element and hyperturbulent flow
regimes, the turbulent eddy diffusivities distributions were
clearly different from those. in. the. quasi-smooth regime.
Measurements of turbulent eddy:diffusivities were made for
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Fig. 7 Turbulent eddy diffusivity in the isolated-roughness-element
regime for PIK = 19 in the small pipe system. The uncertainty in the /U
R values range from + 20 percent at (R — /R = 0.890 to + 6 percent at
(R—nR = 0.351to + 15 percentat (R —r)/R = 0.152.

P/K values of 7, 10, 13, 19, 22, and 25. Figures 7 and 8 show
the results for P/K = 19 and 10. As can be seen from the
figures, values of the eddy diffusivities are given for three
stations and flow rates.

At the first axial position (X1) of the isolated-roughness-
element flow regime (P/K=19), the eddy diffusivity
decreased from a relatively constant value in the outer layer as
the step was approached. At the second axial position, the
eddy diffusivity was essentially constant in the outer layer. As
the wall was approached, the presence of the roughness
element caused an increase of the eddy diffusivity where this
increase was a function of geometry. A rapid change in the
value of the diffusivity was observed near the top of the
element. This rapid variation was due to two effects: the large
velocity gradient and the increase in the Reynolds shear in the
vicinity of the element. The velocity graduate variation was
the more dominant of the two effects. In the large pipe
system, similar behavior with much lower amplitude was
observed for P/K of 24. At the third axial position (X3), the
eddy diffusivity increased from a very small value (nearly
zero) at the wall to a constant value near the center of pipe.
For the isolated-roughness-element flow regime, the rise of
the e * near the wall can be approximated by

et =B(R-r)/R+~ (12)
The slope, 8, varies from 0.286 + 0.011 to 0.407 + 0.019 and

the intercept, v, varies from 0.013 = 0.001 to 0.029 £ 0.006

in the isolated-roughness-element flow regime. Table 3 gives
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Fig. 8 Turbulent eddy diffusivity in the hyperturbulent flow regime for
PIK = 10 in the smali pipe system. The uncertainty in the /U5 R values
range from = 18 percent at (R —r)/R = 0.890 to + 8 percent at(R—nR
= 0.322to + 11 percent at(R—r)R = 0.103.

Table3 Eddy diffusivity near the wall at station X3

B( R— r)

= +

€ R Y

PIK ¥ B
Small Pipe System »

7 0.005 £ 0.001 0.093 £ 0.010
10 0.000 + 0.001 0.267 + 0.015
13 0.000 + 0.001 0.272 = 0.015
16 0.028 + 0.002 0.433 + 0.040
19 0.029 + 0.006 0.286 = 0.111
22 0.013 + 0.001 0.407 + 0.019
25 0.015 + 0.001 0.388 + 0.017

Large Pipe System
13 0.001 = 0.001 0.310 = 0.019
24 0.012 + 0.003 0.160 & 0.043

the values of these slopes and intercepts for geometries of
P/K>7 in the small pipe system and greater than P/K of 13 in
the large pipe system.

The eddy diffusivity distribution in the hyperturbulent flow
region (P/K = 10) was quite similar to that formed in the
isolated isolated-roughness element case. The variation of e*
for P/K of 10 was much less pronounced in the vicinity of the
element (X2) than that for P/K of 19. Also the increase in
magnitude of e* in the third axial region (X3) was smaller.
The slope and intercepts of equation (12) are given in Table 3.
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Conclusions

1. For the quasi-smooth regime, the values of u’/ug,
v'/u,, and uv/u? were essentially the same as those fo
smooth wall pipe flow for all axial stations. :

2. The expressions

u’ r R, r
— =1.54—- +1.0 < - =1
ug R R R

v’ R
Y0381l 410 Do

IA

1

r
v R R R
were found to be valid in the outer layer of the flow for the X1
and X2 axial position, all geometries in both the large and
small diameter pipe systems, and Reynolds numbers ranging
from 95,000 to 150,000.

3. The Reynolds stress distribution is linear in the outer
layer for all flow configurations.
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Vortex Shedding in a Linear Shear
Flow From a Vibrating Marine
Cable With Attached Bluff Bodies

The present study examines the vortex street wake behavior of a flexible, helically
wound, high aspect ratio marine cable in a linear shear flow. Particular attention is
paid to the lock-on phenomena associated with uniform and sheared flow past the
cable when it is forced to vibrate in the first mode, normal to the flow. An analysis
is given of the effects on the vortex shedding and synchronization phenomena that
are generated by placing distributions of spherical bluff body shapes along the span
of the cable in uniform and sheared flow. The latter geometry is representative of a
number of cable system deployments and has special consequencies for strumming
in a shear flow. The effectiveness of these attached spheres as strumming-
suppression devices is evaluated. Synchronized vibration and/or the presence of the
bluff bodies significantly affected the spanwise character of the near wake cellular
vortex shedding structure. The spanwise extent of the resonant, vortex-excited
oscillations was significantly extended by the presence of the spheres along the cable
span. This finding was particularly significant because it meant that the uridesirable
effects that accompanied synchronization would be extended over a longer portion

R. D. Peltzer
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Engineering Sciences Department,
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Hempstead, N.Y. 11550

of the cable span.

Introduction

Mooring systems and risers of offshore drilling and
production platforms, cable networks used to support marker
buoys, and towed cable arrays are all examples of long
flexible, cylindrically shaped bodies. When they are towed
through the water, or exposed to waves and currents, vortices
are shed as the flow separates alternately from opposite sides
of these high aspect ratio bodies. If these vortices are shed at a
frequency close to one of the natural frequencies of the
structural system, the shedding can lock-on to (synchronize
with) the natural frequency if the damping is sufficiently
small. This phenomenon, commonly referred to as cable-
strumming, is characterized by large amplitude cross flow
oscillations, increased stresses, amplified acoustic flow noise,
amplified hydrodynamic forces and increased fatigue and
damage to the entire system.

Further complicating the situation is the occurrence of
vertical velocity gradients or sheared current profiles that are
typically found in the oceans. The vortex shedding frequency
along the span of a vertical or inclined cable then also varies
with depth. Synchronization or strumming and its related
phenomena may occur over part or all of the cable.

The present study examines the near wake behavior of a
flexible, helically wound, high aspect ratio marine cable in a
linear shear flow. Particular attention is paid to the lock-on
phenomena associated with uniform and sheared flow past
the cable when it is forced to vibrate in the first mode, normal
to the flow. An analysis is given of the effects on the vortex
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Houston, Texas, June 20-22, 1983. Manuscript received by the Fluids
Engineering Division, February 11, 1983.
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shedding and synchronization phenomena that are generated
by the noncircular helical cross section and by the placement
of distributions of spherical bluff body shapes along the span
of the cable in uniform and sheared flow. The effectiveness of
these spheres as strumming-suppression devices is evaluated in
light of this analysis.

The spheres were 1.5 in. (3.81 cm) diameter ping pong balls.
They were chosen because their negligible mass did not affect
significantly the vibration amplitude and frequency. Since the
spheres were massless, their effects on the synchronized
vortex shedding would be due solely to changes in the near
wake flow created by their presence.

Background

Since the cable system employed in the present tests was too
highly damped to be self-excited in an air flow, forced ex-
citation was used to simulate the self-excited resonant wake
conditions in order to study the lock-on induced changes in
the cable wake. The validity of this approach has been
examined by Griffin [2] who found that changes in the near
wake that accompany resonant vortex excited oscillations
were reproducible from forced, externally-excited oscillations
when the experimental conditions were carefully duplicated.
This method also had the advantage that the amplitude of
vibration, and the natural frequency and mode shape, could
be varied independently.

Observations of, and measurements of wake velocity
profiles, wake spectra, and flow visualization studies led

~Ramberg and Griffin [9-11] to define three distinct flow

regimes along the vibrating cable span in a uniform flow. The
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first region was the flow in the immediate vicinity of a cable
node which closely resembled that past a stationary body. A
transition region was identified which was adjacent to the
cable node region and which extended to the cable antinode
region where the vortex shedding had locked-on to the cable
vibration. The third region occurred in the vicinity of the
cable antinode where the vortex shedding was highly
correlated along the span and the power spectra contained a
sharp peak at the synchronization frequency. The spanwise
extent of this region could be closely approximated by the
lock-on regions previously found for rigid cylinders [4, 13].

Results dealing with the wake flow behind a stationary
bluff body in a linear shear flow have been published by
Peltzer and Rooney [7], Woo et al. [14], Mair and Stansby [5],
Stansby [13] and Maull and Young [6]. Linear shear flows are
characterized by the nondimensional shear parameter 8 =
d/U.(dU/dy). Both Maull and Young, and Mair and Stansby
have examined the effect of a sheared flow on the spanwise
distribution of the vortex shedding frequency for small aspect
ratio bluff bodies (L/d < 20). They found that a number of
coherent cells of constant shedding frequency were present
along the span of their models for Reynolds numbers less than
2.0 x 10%. Flow visualization photographs taken by Maull
and Young indicated that the cells were separated by cross-
stream vortices aligned with the free stream direction. Both
Woo et al. and Peltzer [7] have shown that the length of the
discrete cells in a sheared flow varied inversely with the shear
parameter B. For high aspect ratio cylinders (L/d > 27),
Woo’s results showed that some type of cellular vortex
structure could exist in the wake of a cylinder up to Reynolds
numbers of approximately 104,

The work by Stansby represented the only previous ex-
perimental study dealing with the wake properties behind a
vibrating rigid cylinder in a sheared flow. The vortex shedding
frequency locked-on to the cylinder vibration frequency, as
well as to subharmonics of it, over a portion of the cylinder
span. The balance of the cells that were not “‘captured”
became very stable at other frequencies i.e., the spanwise
shedding structure became very well defined.

Woo et al. [14] studied the vortex wakes of oscillating
cables in a linear shear flow. They found that the body

oscillations induced vortices which were in perfect syn-
chronization with the body motion, and that the strength of
these vortices was amplified. The unforced cells adjacent to
the lock-on region were again stabilized, and the frequency of
the shedding in these cells was forced away from that value
corresponding to the stationary cable shedding frequency (in a
sheared flow).

Efforts have been made [3] to reduce cable strumming by
attaching strumming-suppression devices that alter the
formation of vortices by changing the near wake flow about
the cable, to the cable. These devices suppress the strumming
by breaking down the vortex shedding coherence, and/or by
increasing the vortex formation length (delaying the vortex
formation), and/or by increasing the viscous damping
characteristics of the cable. An excellent summary of
strumming suppression devices and their effectiveness is also
given in reference [3].

The results that are presented in this paper are part of a
wider-ranging study [8] which also dealt with the effects that
forced vibration and the helically-wound cross section have
on the vortex formation length, shedding frequency, vortex
strength, reduced velocity and wake width in uniform flow.
The mean Strouhal number of the nonvibrating cable was
constant throughout the Reynolds number range 2.0 x 10° to
4.0 x 10* at the value St = 0.192. The helical cross section of
the cable lengthened the vortex formation region by as much
as thirty-three percent when compared to circular cross
section cable values. The synchronized vibration caused
significant changes in the near wake development in uniform
flow. As the vibration amplitude along the span of the cable
increased locally, the formation length increased and the
vortex strength, shedding frequency and Strouhal numbers
decreased.

The Wind Tunnel and Measuring Systems

The present experiments were conducted in the 8.5m long,
1.8m square test section of the VPI&SU subsonic stability
wind tunnel. An upstream velocity shear was generated in the
tunnel by a series of six wire screens, incorporating vertical’
rods in a nonuniform cross-tunnel distribution. The screens
could be arranged in any combination to produce a variety of
free-stream shear levels, 8 = d/ U, (dU/dy). An electronically
controlled three-dimensional traverse was available to
transport the measuring instruments in the vertical (x),
spanwise (), or streamwise (z) directions. Figure 1 shows a
diagram of the wind tunnel test section including the cable
model.

The cable that was used in the tests is constructed of seven
strands of Kevlar synthetic fiber rope, wound around each
other helically, and wrapped with a polyurethane jacket. The
noncircular cross section has a 1.143 cm measured mean
diameter over the jacket. The aspect ratio of the cable, which
was securely pinned at the endplates, was L/d = 107. The
cable tension was adjusted with the turnbuckles and measured
by a Strainsert Universal Flat Load Cell. The small d¢ motor
with an eccentrically located mass was attached to the cable in
order to excite the lower vibration modes by varying the
motor speed and cable tension. The cable mode shape,

Nomenclature
a = local vibration amplitude L = bluff body length S« = cablevibration frequency
@y, = vibration amplitude at an Re. = (U.d/v); center-span U, = velocity at wind tunnel
antinode Reynolds number centerspan
d = general bluff body diameter St. = (f,d/U.); center-span y/d = nondimensional spanwise
d, = sphere diameter : Strouhal number location
fesw = vortex shedding frequency fs» = vortex shedding frequency B = d/U.(dU/dy); shear
from a vibrating cable from a vibrating cable parameter
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Fig.2 Cable mode shape (first mode)

vibration amplitude, and frequency were obtained using a
Physitech Electro-Optical Auto-Collimator Tracking Unit.
The optical head was mounted on the traverse downstream of
the cable, and focused on the top edge of the cable which had
an incandescent light source placed upstream of it to give a
clear edge for tacking. Details of the cable vibration
measuring procedure are given by Peltzer [8].

To examine the vortex shedding characteristics in the near
wake of the cable, a straight hot wire probe was attached to
the traverse and positioned in the cable wake at a position
where the strongest vortex shedding occurred (x/d = 0.92,
z/d = 3.5). The probe was connected to a TSI Model 1050
Constant Temperature Anemometer module. The output
signal from the anemometer was also band-pass filtered and
sent to the ZTL FFT processor.

The experiment was designed to measure the flow
properties in the near wake of a flexible cable forced to
vibrate in the first mode. The nondimensional first mode
shape is shown in Fig. 2. The absolute value of a/a,, was
plotted against the spanwise location (y/d) along the cable.
The mode shape was invariant with peak to peak vibration
amplitude, a,,,/d. The measured values of the vibration
amplitude (@) along the span of the cable were accurate to
within +4 percent, which was the overall accuracy of the
Physitech/rms meter measuring arrangement.

Results and Discussion

The spanwise power-spectral data are plotted here as
Strouhal numbers based on the centerline velocity, St, =
Seswd/U., versus the spanwise position, y/d. The data were
presented in this manner to elucidate the spanwise cellular
structure of the shedding frequency, whenever it existed. A
single closed circle on these plots represents a narrow band
shedding frequency peak on the power spectra. A closed circle
connected to a bar represents a high energy narrow band
shedding peak with a lower energy wide band to either side of
the peak, and a bar represents a wide, broad-banded peak
with no dominant high energy shedding peak present. The
Strouhal numbers in the plots are accurate to within +2.0
percent.

The Stationary Bare Cable. The Strouhal numbers in the
near wake of the stationary cable at Re, = 2.96 x 10, are
plotted in Fig. 3. A definite spanwise cellular structure was
evident, where the frequency peaks within each of these cells
were generally sharp and narrow-banded. At the boundaries
between some cells, the spectra were broad-banded with no
dominant shedding frequency or they exhibited the two
distinct frequencies associated with the individual cells. The
fluctuating cell boundaries, when averaged twenty times
during the two minute data record, allowed the contribution
from both cells to be included in the spectral average.
Depending on how rapidly the cell boundaries were fluc-
tuating, the power spectrum was either broad-banded or
showed the two distinct frequency peaks. Not including end
cells, there were ten cells of constant Strouhal number along
the cable span, ranging in length from eight to eighteen
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diameters. The average length of these cells was eleven
diameters.

The Vibrating Bare Cable. The Strouhal numbers
corresponding to the vibrating cable spectra, with a,,,./d =
0.291 and Re,. = 2.96 x 10°, are shown in Fig. 4. The already
complicated cellular structure of the vortex shedding along
the cable in a sheared flow (Fig. 3) is further complicated by
the synchronized vibration and the local changes in the
formation length, vortex strength, vortex shedding frequency
and Strouhal number that accompany the local vibration
amplitude variation along the span of the flexible cable. A
definite spanwise cellular structure in the shedding frequency
was present along the cable. The spanwise power spectra in
the synchronization region, centered near the cable antinode
between y/d = —14.0 and y/d = 30.0 contained a sharp,
high energy peak at the synchronization frequency. The length
of this region is dependent upon the vibration amplitude, as
well as the shear parameter 3 and the natural frequency. In
the locked-on region, the fluctuating lift force created by the
alternately shed vortices is in phase with the oscillatory
velocity of the cable. The resonant amplitude dies out
completely when the two frequencies can no longer act in
unison. The vortex shedding frequency then jumps to a value
close to that governed by the usual Strouhal relationship [12].

The forty-four diameter length of the locked-on cell was
greater than the thirty-eight diameter length associated with
the vibration amplitude, a,,,,/d = 0.233, Re, = 2.6 x 10°,
since the length of the locked-on region increased with
vibration amplitude. This increase has been documented by
Koopmann [4], Stansby [12], and Peltzer [8]. The average
length of the unforced cells adjacent to the locked-on region
was fourteen diameters, nearly equivalent to the 13.5 diameter
length associated with the vibrating cable results at ¢, /d =

.0.233, and significantly larger than the average length of

eleven diameters found along the nonvibrating cable span.
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The boundaries between cells were marked by discontinuous
spatial jumps in Strouhal number. In both the vibrating cable
results, the synchronized vibrations stabilized the general
cellular structure and eliminated the fluctuating boundary
effects. Stansby [13] and Woo et al. [14] also noted this
stabilization.

The Strouhal numbers of the cells adjacent to the locked-on
region were nearly equivalent to the stationary cable values.
The shedding in these adjacent cells was intermittent between
forced and unforced, characteristic of the transition region
observed by Ramberg and Griffin [9-11] along the span of
their vibrating, flexible cable in a uniform flow. This result
was consistent with one of the observations listed by Sarpkaya
[12] in his summary of the primary consequences of syn-
chronized shedding. He noted that at the end of the lock-on
range the vortex shedding frequency jumped to a value
governed by the Strouhal relationship.

The Stationary Cable, Five Spheres. The Strouhal
numbers along the stationary cable with five spheres at
spanwise locations y/d = —40, —20, 0, 20, 40 are shown in
Fig. 5. The Strouhal number (shedding frequency) of the
spheres, based on the centerline velocity, increased propor-
tionally to the velocity across the span. The sphere vortex
wakes significantly influenced the cable vortex wake for six
cable diameters, i.e., £ three diameters from the center of the
spheres. Between the shedding cells downstream of the
spheres, the cable shedding frequency peaks on the power
spectra were generally more broad-banded than the narrow-
banded high energy peaks that were characteristic of the bare
cable spectra. The highly three-dimensional turbulent wakes
of the spheres disrupted the cellular shedding pattern nor-
mally present in the bare cable wake and broadened the
shedding peaks with the increased turbulent energy they
imparted to the cable wake. Not including the two end cells,
four cable shedding frequency cells with an average length of
fourteen diameters, separated by five sphere shedding cells
with an average length of six diameters, were located along
the entire cable span.

The cable shedding frequencies between the spheres were
generally forced into discrete cells, the exception being the cell
centered around y/d = —10. The spheres act like individual
endplates, splitting the high aspect ratio cable into six small
aspect ratio segments. It has been established [5] that for a
constant shear level the number and length of discrete cells
present in the wake of cylinders with aspect ratios less than
twenty is dependent upon the aspect ratio and the type of end
effects present. The average length of the cells along the span
of the cable with no spheres was eleven diameters. The
shedding between the spheres was forced into single. discrete
cells, fourteen diameters long, by the combination of small
aspect ratio effects and the added turbulence contributed by
the spherical endplates. :
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The Vibrating Cable, Five Spheres. The cable with the
five spheres attached was vibrated in the first mode (a,,,,/d =
0.233). The spanwise Strouhal numbers are shown in Fig. 6.
The cable vortex shedding frequency power spectra in the
regions separated by the spheres were again slightly broad-
banded. The three central spheres (y/d = —20, 0, 20) locked
on to a submultiple of the cable vibration, f,/f,, = 1/2. The
presence of the spheres had a significant effect on the length
of the lock-on region. The lock-on region extended from y/d
= —24.0to y/d = 29.0 (fifty-three diameters), compared to
forty-four diameters on the bare vibrating cable with a,,,,/d
= 0.291, and thirty-eight diameters on the bare vibrating
cable with a,,,/d = 0.233.

It was shown in Fig. 4 that the shedding was locked on to
the vibration between y/d = 0.0 and y/d = —14.0, and was
intermittent between forced and unforced in the region
between y/d = —14.0 and y/d = —28.0 along the span of the
vibrating cable with no spheres attached. The spheres en-
closing the small aspect ratio segment of the cable, y/d = 0.0
to y/d = —20.0, were locked on to a submultiple of the
vibration frequency. This together with the singular cell
pattern forced between the spheres enforced the already
present, highly correlated, synchronized shedding, thereby
eliminating the intermittent shedding and extending the lock-
on region for ten more diameters. Again, the unforced cells
adjacent to the locked-on region were intermittent between
forced and unforced shedding and the Strouhal numbers were
nearly equal to those found in stationary flow. The extension
of the-length of this locked-on region by as much as forty
percent. was. very significant because it meant that the un-
desirable effects that accompany synchronization (i.e., large
amplitude. oscillations, increased drag and fluctuating lift
forces;  highly  correlated shedding, etc.) extended over a
longer portion of the cable span. The spheres were ineffective
in- acting: as strumming-suppression devices. The increased
vortex shedding. coherence created by their presence actually
reinforced the strumming,
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The Stationary Cable, Three Spheres. The number of
spheres attached to the cable was then reduced to three, and
the spacing between them increased to twenty-eight diameters.
The resulting spanwise Strouhal number distribution for flow
past the stationary cable at Re, = 2.96 x 10 is shown in Fig.
7. Those cable shedding frequency peaks not directly in the
regions adjacent to the spheres were narrow-banded like those
associated with the bare stationary cable frequency peaks.
The frequency peaks in the cable wake regions adjacent to the
spheres were again more broad-banded because of the in-
fluence of the three-dimensional turbulent wakes of the
spheres. These three-dimensional turbulent wakes were no
longer able to exert influence over the entire spanwise distance
between the spheres. The cable vortex shedding frequencies
were not forced into discrete cells between the spheres as they
had been when the spacing was twenty diameters. Across the
cable span there were seven or eight cells of constant vortex
shedding frequency, ranging in length from four to eighteen
diameters, plus the three cells representing the sphere vortex
shedding frequencies.

At the shear level of 8 = 0.0053, twenty diameters was the
maximum spacing that forced the cable shedding frequencies
between the spheres into discrete cells. Generally, the
maximum spacing that forced the vortex shedding frequency
between these discrete bluff body shapes into identifiable cells
of constant frequency depended on the shear level 8, the
geometry of the discrete bluff body and the body to which it
was attached, the flow Reynolds number, and the stability of
the flow itself.

The Vibrating Cable, Three Spheres. The cable with the
three spheres was vibrated (@ ,,,/d = 0.235) in the first mode
at a Reynolds number of 2.96 x 103. The Strouhal number
plot is shown in Fig. 8. The vortex shedding was locked on to
the vibration over the entire spanwise region bounded by the
spheres, —31.0 < y/d < 30.0 (sixty-one diameters)). The
three spheres were all locked on to a submultiple of the cable
vibration frequency, f, /f., = 1/2.

The sphere lock-on enforced the highly correlated, syn-
chronized shedding that was already present in the twenty-
eight diameter segment between y/d = 0.0 and y/d = —28.0.
Again, the synchronized shedding was strengthened enough
such that the intermittent shedding was eliminated and the
lock-on region was extended. Again the spheres were inef-
fective in acting as strumming-suppression devices. Their
presence enforced the synchronized shedding. The unforced
cells adjacent to the lock-on region were intermittent between
forced and unforced shedding and the Strouhal numbers were
nearly equivalent to those in unforced shedding. The sixty-one
diameter locked-on region was fifteen percent longer than the
fifty-three diameter locked-on region in the five sphere test,
thirty-nine percent longer than the forty-four diameter
locked-on range corresponding to the bare vibrating cable

Journal of Fluids Engineering

(@nax/d = 0.291), and sixty-one percent longer than the
thirty-eight diameter range found on the bare cable which was
vibrated at a comparable amplitude, a,./d = 0.233. The
spanwise distance between the spheres had a very significant
effect on the length of the locked-on region. The spanwise
extent of resonant, vortex-excited oscillations approached the
half-wavelength of the marine cable in the present study.

Summary

The principal results of the present study concerning the
individual and combined effects of vibration, shear and at-
tached spheres on the vortex shedding in the near wake of a
marine cable can be summarized as follows.

A small amount of linear shear in the upstream velocity
profile initiated a strong cellular vortex shedding structure in
the wake of the helical cross-section cable at the Reynolds
number considered. The spanwise cellular structure of the
vortex shedding was stabilized significantly by the vibration,
and the unlocked cells on the vibrating cable were longer than
the cells along the span of the stationary cable. The length of
the locked-on region in sheared flow was vibration-amplitude
dependent. The presence of and spanwise distance separating
the spherical bluff bodies along the span of the high aspect
ratio cable had a significant effect on the spanwise character
of the vortex shedding structure in the near wake of the
stationary and synchronized vibrating cable in a shear flow.

For flow past both the stationary and the vibrating cable
with the attached spheres, the spheres acted as endplates,
splitting the high aspect ratio cable into smaller aspect ratio
segments, The character of the spanwise cellular vortex
shedding structure was dependent upon the length of these
smaller segments. The spanwise extént of the resonant, vortex
excited oscillations was significantly extended by the presence
of the spheres. The magnitude of this extension was- also
dependent upon the length of the segments between the
spheres. This finding was particularly significant because it
meant that the undesirable effects that accompanied syn-
chronization would be extended over a longer portion of the
cable span, up to one-half a wavelength. The spheres did not
act as strumming suppression devices. The vortex shedding
coherence created by their presence did not reduce the cable
strumming,
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On Liquid Film Pressure Sealing

The dynamics of the thin film established, by oil injection, on the inside wall of the
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casing in certain rotary compressors are analyzed both experimentally and
theoretically. The film may provide an effective pressure seal to prevent leakage of
air from one side of a rotor lobe to the other. It is found that Reynolds’ bearing
theory, corrected for Reynolds number and surface tension effects, gives reasonable
results for the film thickness needed to sustain typical operational pressure dif-
ferences in the machine. The theoretical predictions have been verified ex-

perimentally in a series of tests performed in a specially designed apparatus.

1 Introduction

To improve the performance of certain screw compressors a
common technique is to inject oil into the machine in order to
prevent leakage of compressed air in the fine tolerance
passages between rotor lobe edges and the casing, or in the
interaction zones between the intermeshing rotors.

Because of the rotation of the rotors the injected oil forms a
thin film primarily on the walls of the casing due to cen-
trifugal forces. Under conditions of correctly injected
amounts of oil the rotor lobes will squeeze the film through
the smallest gap width between the lobes and the casing wall,
thereby forming an effective seal preventing the loss of air
pressure from one side of the lobe to the other. The film
resists the squeeze through motion by viscous forces which are
low due to the small areas of contact between lobe edge and
film. If, however, the film is too thick, the top layer of the
film cannot be squeezed through by the lobe. A free surface
wave will then be formed in front of the lobe, causing a much
increased drag force compared to the viscous forces, Hence, it
is important to assess an allowable range of film thicknesses
as a function of appropriate parameters for the proper
functioning of the machine.

To do this, an experimental and theoretical study has been
undertaken. In the theoretical part the film motion has been
calculated by Reynolds’ theory, but corrected for Reynolds
number and surface tension effects. To verify the theoretical
results a test apparatus has been built and a series of ex-
periments performed. The experimental results support by
and large the theoretical predictions.

2 The Film-Lobe Interaction

The gap size between the lobe edge and casing is of the
order of 0.1 -0.15 mm. Hence all other dimensions of the
machine such as the rotor radius are large. This justifies a
two-dimensional approach to the squeeze film problem with
the flat wall moving with the velocity V,, past the lobe edge,
see Fig. 1. The pressure difference p, — p; (where p, > p|)
over the lobe acts in the same (compressor) or opposite (ex-
pander) direction.
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Fig.1 Flow situation in lobe fixed coordinates showing detached flow
at the lobe edge, upstream fiim thickness t, and upstiream flow at-
tachmentatx = L

By neglecting inertial effects the motion of the film shown
in Fig. 1 is assumed to be governed by Reynolds’! equation,
i.e.,

3
4Ry gy "
dx \ p dx dx
The viscous flow (dynamic coefficient of viscosity u(kg/ms))
driven by the pressure gradient dp/dx and the wall velocity
V,, cause a certain flow rate through the minimum gap height
h(0) = 4. The question is how this flow rate is related to the
pressure difference p, — p; and the film thickness ¢ ad-
vancing with uniform velocity ¥V, toward the lobe on the far
upstream side.

The justification for using equation (1) to study the flow in
the relatively short interaction zone is, as we shall see, that the
results of equation (1), properly corrected for Reynolds
number effects, do correspond well with the observed
behavior of the flow.

To analyze the problem a lobe profile is selected
represented by a parabola with a radius of curvature equal to
R, i.e., the local film thickness is

2

X
h =8+ — 2
(x) 3R, Q)
or, expressed in nondimensional form,
h 6
7I=1+e£2,wheren=?,£=%,and5=ﬁ 3

lPinkus, O., and Sternlicht, B., Theory of Hydrodynamic Lubrication,
McGraw-Hill, New York, 1961.
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Fig. 2 Four solutions Iy, I4, I5, and I3 evaluated from three different

Ap curves corresponding to Q@ = Q. @1, and Q. Data chosen ap; =
10, ¢ = 0.0119.

To solve equation (1) boundary conditions are necessary.
With the assumption of flow separation at the edge £ = 0, the
pressure at the location £ = 0 is known and equal to p,.
Reynolds’ equation describes a boundary layer type of flow
and hence variations in pressure over the thickness n of the
film can be neglected in comparison with the pressure
variation in the streamwise direction. The pressure p, acts on
the lobe front flank and on the surface of the film, but the
location / = L/é where the film attaches to the lobe front
flank is not known. The correct boundary condition is then

p(¢=1)=p, 4)

The Reynolds equation (1) integrated by using equation (2)
takes the form

P -p £ 1
Ap(é)—gm ——3[W+Tetan *(gva]
5
¢ 3 ¢

C, 3 _
¥ 5o, [(1+652)2 P Tre TR 1(‘5‘/6)] ®

where Ap (£) is the dimensionless pressure increase along the

lobe surface with respect to the parameter uV, /8 and where
C, is an integration constant. At

Pr—D
Nz
6
or the total nondimensional pressure difference over the lobe
the film has to sustain is Ap,. In equation (5) two unknowns,
C, and /, are involved which must both be found in order to
have a fully determined solution. We have
m=1+e? 6

and it is clear that %, > 1 for a proper functioning of the film.
The constant C, is related to the flow rate in the layer per unit
edge length. From Reynolds’ theory the velocity profile is
given by the expression?

0 )[4 -9 51
U= —=~—-1-> )| -{ = ~-6)—>—+1{ (7
v, PRAVAVIZ h ™
and the pressure gradient is obtained as
dp Vn Cl“’ '
— = —6p 5 + - 8
dx e TR ®

(=0, Ap(l) =4p,=

2Idem footnote 1.
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Fig. 3 Thickness 7 of the film upstream of lobe edge according to the
different solutions for I, and compared with asymptotic result; ¢ =
0.0119

The flow rate in the x direction per unit lobe edge distance is
thus

Q= Shu( dy=—L =y, ©)
=—\,undy= o =/
Hence, the pressure gradient according to (8) depends on the
parameter Q. Therefore, a whole range of Q values for the
same value of Ap, can be found, representing different flow
patterns through the channel. This situation comes about
because the Ap(£) function attains a maximum value at the
location

c 20

6Vn Vh
Hence, by making the corresponding maximum value of
Ap () equal to Ap, at the location ¢ = /, we have established
a lower limit for Q needed to sustain the total pressure dif-
ference over the layer, see Fig. 2. Hence, by substituting (10)
into (5) and puting ¢ = /, we obtain a transcendental equation
determining /, or M, fixing the lowest possible flow rate
through the layer

Qmin: 1/277106Vn=t0Vn (11)

By a slight increase in the Q;, value according to (11), the
Ap (&) curve is shifted upwards from the Q, distribution,
and the Ap, = constant line may then intersect the new curve
characterized by Q = @, at two locations which we label /;
and /, respectively, see Fig. 2. However, the range of Q for
which two solutions can be found is limited. This depends on
the fact that the Ap(¢) function attains an asymptotic value
for large £ values, i.e.,

10

Ir C, 3w

= o == —F 4 —— e ——— 12
%f) ap Ve 46V, 4Ve (12)
Hence, if Q is increased beyond the limiting value

corresponding to Ap,, = Ap, only one intersection /; between
the line Ap, = constant and the Ap () curve characterized by
Q = Q, can be found, see Fig. 2.

At the attachment point / = /; the velocity profile is linear,
which follows from the concurrence of Ap, with the Ap(¢)
curve maximum,

The flow configuration for / > [/, means velocity profiles
that become concave with respect to the linear profile. A
position is first attained where

au

This condition is tantamount to no wall friction at / = /, if Q

=0 fory=rh (13)

Transactions of the ASME

Downloaded 02 Jun 2010 to 171.66.16.64. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



> Q,. In other words, / = /, corresponds to a film thickness
upstream which is determined from the condition (3) giving

Ho1
L=

If Q > Q,, t > ¢, and the top part of the layer is deflected
upstream, provided we obtain a solution branch characterized
by the condition />/,. Several other types of flow are found
on the branch of solutions characterized by / < /,. The first
solution of this branch is / = /,, which corresponds to another
attachment point only for the flow obtained with Q = Q,.
Hence, the far upstream flow film thickness is again given by
(14) and the velocity profile at / = [, is convex with respect to
the linear profile.

Yet another solution of this branch / < /, can be envisaged
corresponding to Q, > Q; > Q. and is designated /;. At
this entrance location the film thickness ¢; 6! far upstream is
exactly equal to 7, - Even higher flow rates Q,, > Q, would
correspond to/ >, henceto? > §as Ap, — 0 which is not
possible. Hence, the maximum flow rate in the layer is given
by Q = Q.

However, it is not possible to draw a precise conclusion
from our simple theory which one of our two dynamically
possible solution branches / > /, or / < [/, will be the only

(14

Fig.4 Free surface film element for establishing force balance

7 2,

length of §_

Fig.5 Integrating free surface shape;r = 2and pV,/y = 2

Q,

possible one under a given set of conditions. This has to do
with surface tension phenomena. In fact, the condition for a
stable attachment point is given by the condition?®

d (v
e (i + Pig 'Pair) <0

where d/dx is the streamwise derivative, R is the radius of
curvature of the free film surface, and v the surface tension.
In our problem an attachment point of the /; type will be
structurally unstable since p,;, is constant and the streamwise
derivative of the pressure and the inverse radius of curvature
of the free film surface are both positive. Hence we can
conclude from a simple stability argument that the solution
branch cannot materialize.

For small values of Q, i.e., small values of Ap, the change
in film thickness ¢ predicted by all four solutions differs
considerably. However, for large values of Ap, all four
solutions become essentially the same with only a few percent
difference, see Fig. 3. This has to do with the fact that Ap,, —
Ap, as Ap, becomes large. An asymptotic formula for the film
thickness can then be provided which becomes '

t

5=

15

7= 16)

4 2
9—7l' Ap,\/e+ §

3 The Free Film Development

Upstream of the attachment point the velocity profile in the
liquid layer is distorted from a parallel to a parabolic shape,
see Fig, 1, with zero velocity at the attachment point. Since the
Reynolds theory provides parabolic velocity profiles, we can
write for the velocity distribution upstream of the attachment

point
2 ‘
v B2 () 40-5) 71 (5)

a7

where the function f allows for the film surface to change its
velocity continuously from zero to — V,,, i.e.,

f—lasx—L
f—-0asx—oo,andu= -V,
Furthermore, h; = h(x =L), see Fig. 1. To determine the

3Savage, M. D., “Cavitation in Lubrication. Part I. On Boundary Conditions
and Cavity-Fluid Interface,”” Journal of Fluid Mechanics, Vol. 80, Part 4, 1977.

dp, r +100 param. :Re
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Fig.6 Influence 6f Reynolds number on the Ap curve; Q, as in Fig. 2
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function f, equation (9) provides first a relation between f and
h,i.e.,
1—7y~! !
SO =1 =
Next, the momentum balance in the x direction of a small
liquid element is considered, see Fig. 4. We observe that the
pressure is constant along the free surface and also across the
layer (first order analysis). Furthermore, the inertia terms
likewise give contributions of the second order ornly. Hence,
the surface tension force will be balanced only by the viscous
forces, i.e.,

18)

a
ysinada—p 2 | ax=0 (19)
ay h
where
dh
ana= — (20)

By making use of equations (17), (18), and (20), equation (19)
takes the form

g = MV 2070 | (7)1 +n'2)Y?

Y ks RN

This equation can be solved by numerical integration
proceeding in the negative £ direction by using e.g., the
Runge-Kutta method, for which initial values are needed.
These are given as follows: at an arbitrary large value of £, ¢
= 1,7’ = 0and y” is small. Actually, integration runs with
n” = 1072, 1074 and 10~¢ have shown that the initial value
of n” has a negligible influence provided the parameter uV, /v
< 1. In this case the adjustment region is long in comparison
with the film thickness and »’; is also small. However, for
large values of 4V, /7 the adjustment region is short or of the
order of the film thickness and hence %’; is large, The
numerical integration is performed for different parameter
values of 79;"! and uV,/v. The result of such and integration
is shown in Fig. 5.

@D

4 Influence of Reynolds Number

In Reynolds’ theory the inertia terms are neglected. Hence,
Reynolds’ theory is applicable for example in bearing
problems where the Reynolds number based on the smallest
gap height is of the order of 10! or less. However, in the
sealing problem of interest here the Reynolds number based
on the gap height is much larger, of the order of 10-400, and
will thus have a considerable influence. Therefore, Reynolds’
theory needs to be corrected for Reynolds number effects in
the present application.

By following the standard procedure in the literature (c.f.

footnote 1) the effect of the inertia terms will be calculated by
iteration. Hence, using the continuity equation the y com-
ponent of the velocity vector can be computed from the
known u distribution. We obtain

o (3) -3 )-e5)

where the boundary conditions v{x, 0) = v(x, #) = 0 have
been observed. Next, a new u distribution can be obtained
from the momentum equation in which the inertia terms are
calculated using equations (7) and (22). This gives a lengthy
expression for # as a function of 4 and y. To find the
correction for the pressure gradient the corrected u
distribution is substituted into equation (9) with the result that -
the correction term in dp/dx takes the form

dp V?,h’[ 1 1 ¢ 9<t>2]

— =6p—— | ———— — — | — 23
( dx ) 60 = 2 707 T\ @3)
which should be added to the right-hand side of equation (8).
Finally, to obtain the correction to Ap(/), integration with

respect to x up to the limit / gives the following correction
term to Ap

(22)

1 3
(8P) o =Re| = S+ = 797 =1)(1 =07} 24)
where Re is the Reynolds number defined by
Re= Vud 25)

14

The Re influence on a typical pressure distribution is shown
in Fig. 6. As a general result the interaction length for given
Ap, decreases with an increasing Reynolds number. The
velocity distribution in the layer is also changed and the
resulting profiles in the layer for different Reynolds numbers
are shown in Fig. 7. It follows that 7 as a function of Ap, is
also reduced with an increasing Reynolds number, see Fig. 8.
The results shown indicate that large deviations occur as soon
as Re is of the order of 10-50 between the iterated solutions
and the solutions obtained from Reynolds’ theory. For this
reason, the iterated solutions at large Re are at best qualitative
in nature.

5 Test Apparatus

In order to simulate Ap, numbers in the 10-100 range as
well as Re numbers in the 10-600 range a testbed has been
designed in which the lobe surfaces are at rest and the
casing/end walls are rotating. This has the great advantage of
simplifying the observation and measurement of the flow
phenomena. In addition, a positive pressure difference on
either side of the lobe surfaces can be created thus permitting

iy =9
dpt=100 qL(o./
2]
- nL(5o
4 1. (200)
T’ =
1
0||‘12I|'r4l176I||I8I _10L12

Fig. 7 influence of Reynolds number on the interaction zone length
and on velocity profiles in the layer; 7/y;, = 0.9 and Ap; = 100
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Fig.9 Test apparatus design concept

the verification and study of the sealing effect. The various
needs for adjustments of gap size as well as chamber and lobe
geometry are easily accommodated in such a design.

The design concept is shown in Fig. 9. The machine consists
of a partially transparent drum rotating around a stationary
central core which includes the simulated lobe tip, a
regulation head and the various fluid feeding channels. The
lobe tip and the regulation head are radially adjustable
through axially moving wedges and delimit two semicylin-
drical chambers with different gas pressures. In normal
conditions one chamber is maintained at atmospheric pressure
while the other is fed with compressed air. The liquid is in-
Jjected through the regulation head.

The clearance between the rotor and both the tested lobe tip
and regulating head can be adjusted while the rotor is
rotating.

The rotating drum includes two parts: an external brass
container with window-type openings and an inner cylinder
which is either a transparent plexiglass cylinder to allow for
radial observation of the tested zone, or a solid cylinder for
greater radial accuracy under asymmetrical pressures.
Visualization is also possible through the transparent front
window which rotates with the drum.

A d-c electric motor drives the rotating parts via rubber
belts allowing the speed of rotation to be set at any low value.

6 Test Procedure and Results

Tests have been run with two different kinds of liquid, light
machine oil (x = 0.05 kg/ms) and a mixture of water and

Journal of Fluids Engineering

Fig. 10 Photograph of the interaction zone; flow conditions as in Fig.
5

glycerine (u = 0.01 kg/ms. By changing the liquid viscosity
the testing at two different Reynolds number regimes, 18 <
Re < 77 and 375 < Re < 645 was made possible. During the
running of the tests the temperature evolution of the liquid
was continuously checked for a correct determination of u.
Maximum temperature increase was limited to 1.5°C allowing
the p value to be determined within a 10 percent accuracy
limit.

The minimum speed V,, of the drum was found to be about
1.4 m/s. At even lower speeds film inhomogeneities upstream
of the interaction zone were observed. The drum speed was
recorded by a magnetic rpm counter, minimum rpm used ~
200, which corresponds to a centrifugal acceleration of 28
m/s? of the film. Although various gap sizes could be ac-
commodated in the machine a value of § = 0.65 mm was

. chosen and judged sufficient for macrophotography of the

interaction zone.

MARCH 1985, Vol. 107 /71
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A The pressure in the two chambers was recorded by a Betz-

Re=18-30 o type Hg manometer.
N 3;1)__;2 : The required film thickness for complete sealing at a given
375-500 a Ap, value was obtained in the following way. The machine
R ! Reg 500-645 & was first prepared to simulate a certain Re number domain.
3t 1 theory — Then the liquid film generated by fluid injection through the
R / regulation head would seal off the two pressurized chambers,
) N (I allowing for application of a desired pressure difference.
,lec:) é‘:,‘z‘/é - 40 Normally the film slowly reduced its thickness by fluid
2l »%- = QL‘,‘ 2 leakage through the low-pressure air tube. At some moment
_%_ {g‘\*',ii/ o , the filn;1 thifclkness ;’(vccl)uld havel(liaehen diminishgd FlEo such an
S Ao - - - extent that film beakdown would have occurred. To measure
& s - "‘ﬁ" AR 400 the film thickness a series of photos of the film interaction
ol / bt zone was taken at the moment that stable conditions were

observed. An example of such a photo is provided in Fig. 10.
The results of the measurements are shown in Fig. 11 for
the two Reynolds number domains and for Ap, values up to
) ) ____150. Conservative error estimates on every measured point are
o 50 100 150 dp, indicated by small arrows. The agreement between theory and
Fig. 11 Measured influence of Reynolds number on 7 as a function of  SXperiment is demonstrated indicating much reduced film
Apy. Conditions are the same as in Fig. 8. thicknesses in the higher Re domain, as shown in Fig. 8.
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On the Stability of Vortex Motions
in Compressible Stratified Fluids

Y. T. Fung

Fiuid Dynamics Branch,
Marine Technology Division,
Naval Research Laboratary,
Washington, D.C. 20375

Necessary conditions for the stability of a general class of compressible vortex flows
are obtained using the method of generalized progressing wave expansion. The
vortex motion and the density are assumed to vary in both the radial and axial
directions. These conditions, representing a generalized state of statically stable

distribution for the steady flow, require that the flow be stable in the centrifugal
Jorce field created by the rotation of the fluids, in the gravitational force field arisen
Jrom the density variation, and in the pressure field constraining the variation of
density and forces in both the radial and axial directions. These results also suggest
the likely behavior of Richardson criteria for stability of the flow yet to be derived.

Introduction

Vortex shedding behind an axisymmetric body submerged
in stratified fluids has been puzzling many researchers because
of the intrinsic vortex pattern developed in the late wake [1].
When an axisymmetric body is towed through a stratified
fluid at a particular Reynolds number, vortices are first shed
three dimensionally. However, the gravitational effects soon
inhibit the vertical motion. The resultant vortex structure is
vertically oriented and resembles the two-dimensional Kdr-
mén vortex street behind a bluff body if observed from the
gravitational direction. Such inhibition can qualitatively be
viewed by examining the motion of fluid particles in the
gravitational force field. When a sphere is towed through a
stratified fluid, the fluid particles in four locations are of
particular interest. Figures 1(a) and 1(b), respectively, show
the top view and side view of the sphere and of the four fluid
particles A, B, C, and D being considered. Since the fluid is
stably stratified in the vertical direction, the densities of
particles A and B are equal while the density of particle C is
lighter than that of particle D. To create a rotational motion
at the onset of shedding means that either particles A and B or
particles C and D have to interchange their positions. The
interchange of particles A and B requires no work done in the
gravitational force field. The interchange of particles C and
D, however, requires a work done equal to the increase of the
potential energy at the new location. Accordingly, nature will
take an easy way. With the vertical motion suppressed by the
gravitational forces, the resultant vortex motion will be
confined in a relatively two-dimensional motion reminiscent
of the Kdrméin vortex street behind an infinitively long
cylinder when viewed in the vertical direction.

To understand the behavior of such vortex motions, we
need to consider mathematically flow profiles of a more
general nature to describe this kind of flow patterns. In the
present investigation, we consider a general class of com-
pressible vortex flows with their. steady state distributions
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depending on the radial and axial coordinate. All dissipation
effects are disregarded. Necessary conditions for stability of
the flows are derived by using the method of generalized
progressing wave expansion as the one used by Eckhoff and
Storesletter [2]. These conditions can be interpreted by a
kinetic energy approach similar to the one used by Rayleigh
[3] and by a work done approach based on the movement of
fluid particles in the centrifugal and gravitational force fields.
A constraint relation, required to satisfy the pressure balance
condition at all points within the flow domain, may be

& —

Q
c/
8

Fig. 1{a) Top view of a sphere towed in a stably stratified fluid

o]
O T,
</
g
—
@
D
Fig. 1(b) Side view of a sphere towed in a stably stratified fiuid
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responsible for the variation or redistribution of the density
and for the special vortex pattern developed in the stratified
late wake behind a towed sphere [4].

Governing Equations

Consider an isentropic vortex motion having the axis of
symmetry aligned with the z-axis of a cylindrical coordinate
(r, 0, ) and with the direction of gravity. The fluid, rotating
at an angular velocity (r,z) and having a density py(r,2), is
assumed to be compressible but inviscid. To satisfy the
" pressure balance condition anywhere within the flow regime,
the constraint equation is

d 0

2 (porQ*) + o (008 =0, €8]
The perturbations of velocity in r, 6, and z directions are,
respectively, #, © and w while the perturbations of the density

and pressure are, respectively, p and p. Using the trans-

Following the method of generalized progressing wave ex-
pansion used by Eckhoff and Storesletten [2], we obtain the
characteristic equation

det [£, A, +5,A, +53A; — N =0. “)
The characteristic roots of the determinant are given by
A =08
Ay =Q&; +con &)
A = Q& —con.

Here £; are components for the orthogonal eigenvectors
associated with the eigenvalue A; and

n= (8 +8/r + £ ©
The eigenvalues N\, and A; correspond to acoustic solutions
and will not be discussed any further. The eigenvalue A, a

triple root, corresponds to gravity waves and is the main
concern in this paper. The corresponding ray equations for

formation 2o .
b="2(p+p) gravity waves are
_Q dr 8N dE N an}E
P=Copop, @) a " oE, 0 At o o
where ¢, is the velocity of sound, we construct a symmetric
hyperbolic system for the present flow subject to small db _ N g, _ a, -0 @
perturbations as follows: i dt 9k, dt a0
3 3 3 3 0 dz o\ dt, A )
—+A —+A, = +A;— B} =0 3 — == — === - =
{at gy Thagg TR f," ®) dt ~ 8k, dt oz 9z £
where P with the solutions to these ray equations given by
000 0c g 0 0 0 0 Eimbg -ty
00000 0 Q 0 0 cy/r ar
A=10 000 0 A,=10 0 Q@ 0 0 r=ro
0 000 0 0 0 0 2 0 0=0, +Q(ro.zo)t = 8
000 0 0 co/r 0 0 Q o+ Brozo) L2 =ta ®
=730 fiLY;
00 0 0 O E3=E83—&n %
00 0 0 © Z 1roo
A;= 10 0 0 0 ¢ where rqy, 0y, 2o and &y (k=1,2,3) stand for the initial values
00 0 0 O at =0, The amplitude of the leading term of the generalized
00 ¢ 0 0
. Y
Q? 1 2
0 -20 0 A
Co po Or Co
193 il94
r— +24Q 0 —
P r P 0 0
1
B- 0 0 0 Y1
Co po Or Co
¢y @ rQ? o 0
S0 90 ey Lo %0 & 0 0
po Or Co po 0z ¢y
co ra?
oy= S £ 0 0
L r Co Cop g
Nomenclature
W,,W, = work done by fluid
¢y = velocity of sound r,,r,,I'y = eigenvectors particles in force fields
F = Froude number t = time z = axial coordinate
g = gravitational constant 7 = velocity perturbation in @ = azimuthal coordinate
N,,N, = Brunt-Vérsala frequenc- the radial direction Ai,N\2, A3 = characteristic roots
ies v = velocity perturbation in £1,6,,6; = components of eigen-
p = pressure perturbation the azimuthal direction vectors
Q1,0, = locations of fluid par- vy = tangential velocity polr,z) = density of the fluid
ticles w = velocity perturbation in g,,0,,03 = scalar function
r =.radial coordination the axial direction Qr,z) = angular velocity
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progressing wave expansion for the gravity waves is described
by

3
L= E (A% . (9)

k=1
where o, are scalar functions to be used as dependent
variables in the transport equations, and r, are orthonormal
eigenvectors defined by

0 forl=m

roAgr, = k=1,2,3. (10)
N forl=m
A
The eigenvectors are selected such that
= {&/r &0 & 0}/
r;= {0 & —&/r =& 0}/n (an
= [(-%§ 0 =& &H/r 0)/y

The transport equations for the flow under consideration are
given by
3

oo L (v )

k=1

(GRS
rd&, Z £ =123
or
do
— =A(t 13
@ (He (13)

Here o=1{0,, 0,, 03} and A(¢) is a time dependent matrix
with its elements described by

Ajk=ajk/7]2. (14)

Here also

0?
an=-(F-"2) e 2 b 2y

Co

ap= [Fz+29— (rQ)] £ & [— 55?

+ — (rQ)+D* (rQ)] é &3

ap=F.§ - [D*(rQ)— —] é t % ( D&

+{F, +D*(r9)]331£3

an==[Drew - L ow-£]e 2

+[F,— D*(rQ)]é&

an= g e 2 - (Fa E) 2

2
2

a5 =D*(r)E: + [—— (r)+ —] ;

~FB-[F -5 006t

QZ
031:“’:—051 [F D*(rQ)]é——<29—~—)£1£3
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2 2
g rl
an=-205+[F- 00 £ - Eg0 Wy g,
Cp Cy
rQ?
a33=<r——>51§+(F+ >§££3
Co c,/ r
where
poo b p 2L adn @
ar r ar r po Or Cy
and
co dpg | &
= D 2
po 0z Co

The transport equations are valid along the rays described by
equations (8). The stability characteristics of the flow
governed by partial differential equations (3) are now
equivalent to those of ordinary differential equations (13)
evaluated along the rays.

Stability Characteristics

The system described by the transport equation (13) is, in
general, nonautonomous. A stable asymptotic behavior for
large ¢ will be required in order to have stability for the
system. For r— oo, the non-vanishing elements of matrix A are

d
a; = {F,x2 +[F, + D*(rDlxy + pe (rQ)yZ} /A

D*(rQ)x? — [F, - E)iz (rﬂ)] xy—Fzyz} /A

0232{
R (15)
Q
a31={—f—x2—<29—£>xy} /A
0 Co
QZ
a32={—29x2+r-xy— g }/A
Cop 0
where
Q 0%
x= 9—, y=— and A=x?+y2.
or 0z

The characteristic equation for the eigenvalue A of the non-
autonomous system is

AN +¥/A)=0 (16)
where
ro? 1%
v= {F all +”QD*(rQ)}x —{F £ —Fzrc—
0
9 g
202 (rﬂ)} xy—F, £y, 7
az Co

In order that the system with the elements described by
equations (15) shall be stable, it is necessary that all the
characteristic roots in equation (16) have nonpositive real
parts, i.e.,

¥=0. (18
Equation (18) will be satisfied if
rQ?
F,— +¢—-F,— >O (19a)
Co Co
and
92 2
-FE [F, el +¢] > (F,i) . (195)
Co Co Co

Here ¢ =20D*(r{)) reduces to the Rayleigh discriminant if the
azimuthal velocity is radius-dependent only. Since the right-

~ hand side of equation (190) is always positive, conditions (19)

require
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rQ2 2
<I>-<—~> =0 (20a)
Co
& 0Opo <g>2] .
=+ = =0 206
[Po dz €o (200)
and
2 2\ 2
L () e ()]
po 9z €o Co 7/
L) [ ()]
= — _— = — 20
<r92 Po or Co ( C)
Here
rQ? 2
3= 000 o (oo )
po Or

reduces to the Rayleigh-Synge discriminant if the flow
quantities are dependent only on the radius. It represents the
variations of centrifugal forces that arise from the variation
of density and that result from the conservation of circulation
in the radial direction.

For uniform rotation, no criteria can be observed since
equation (18) will become trivial. In this case, system (13)
becomes autonomous, since 0Q/dr = 92/0z = 0, and the ray
equations (8) for autonomy reduce to

Ex=Ew k=1,2,3 21)

The eigenvalues A of system (13) are now governed by the
equation

NN + /(o + £30 + £30)1 =0

<F,-ig— —F,
Co

(2 on2)(2)'

r

(22)

where

r0? rQ? '
‘J’=<Fr—+492>5%o_ *‘)Exoiao
Co 0

To have system (13) be autonomous and stable, it is required
that the eigenvalues have nonpositive real parts, i.e.,

y=0. (23)
Since £y, &4, and &5y are independent components of the

orthonormal eigenvectors, stability of the system of equations
(13) for autonomy therefore requires that

rQ? dp, rQ?y 2
———(—> >0 (4a)
po Or Co
3 2
[iﬁ+(§> ]20. (24b)
po 9z Co

Equations (20) and (24) represent the stability conditions of
the system in equations (13) for both nonautonomous and
autonomous cases, respectively. The stability characteristics
of the flow governed by the partial differential equation (3)
are equivalent to those of the system governed by the ordinary
differential equation (13) evaluated along the rays. Therefore,
one can conclude that the necessary conditions for stability of
the compressible stratified flows under consideration require
the inequalities

N2 +¢=0 25a)
N2=0 (25b)
(N2 + §)N? = N*/F* (25¢)

to be satisfied anywhere within the flow regime. Here the
Brunt-Varsala frequencies are defined as
rQ? 9 rQ?\ 2
N2 (T)
Co

o or (264)
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Qqlr+ér,z+hz)

——— 2

Fig. 2 Coordinate of the fluid particles in the centrifugal and
gravitational force fields

(260)

to, respectively, represent the density variations along the
radial and gravitational force fields. The Froude number is
defined as
2
F= CQ— 27)
4
to represent the ratio between the centrifugal and
gravitational forces. Equation (254) will be replaced by N? =0
for uniformly rotating flows. It is worth mentioning that
equations (25) actually do not represent three independent
conditions. Condition (25¢) implies that either one of the two
conditions in (25@) and (25b) must be automatically satisfied
if the other one is satisfied. This behavior as well as the
physical mechanism behind the three conditions will be ex-
plained in the following section.

Interpretation of the Results

The necessary conditions for stability previously derived
can be explained by a kinetic energy approach similar to the
one used by Rayleigh [3] and by a work done approach based
on the movement of fluid particles in the centrifugal and
gravitational force fields. For simplicity, compressibility
effects will be ignored.

Consider two fluid particles originally located at Q, and Q,
within the flow regime in the r-z plane as illustrated in Fig. 2.
The particle at Q; has a density p, and a velocity v, while the
particle at Q, has a density py + o and a velocity vy + dvy.
Here vy = rQand

6—6ra+6 0
T ar zbz'

First we use the energy approach by considering the variation
of the total energy as a result of a perturbation to the system.
In the steady-state, the kinetic and potential energy of the two
particles are given by

1
K.E. 5 {pot3 + (po + 8o M vg + 6vg)? )

and (28)

P.E. pogz+ (py+8po)g(z+82).
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When the two particles interchange their positions, the kinetic
and the potential energy of the perturbed system are

1 rvg 2
K 2 Po r+or

+ (po + 6p0)[ (r—+&—)—~—(rvo > 600)] 2}

and (29

P.E. pog(z+62)+ (oo + dpp)ez.

Here the conservation of circulation has been applied to the
resultant kinetic energy in (29). If the perturbation is small,
the stability of the system requires

oy 1 8
way-[ £ %0 L2 o) (o)
po dr  po 02
3
_ pi 73 (62)2 =0 G0
0

everywhere within the flow domain.

An alternative approach to observe the stability charac-
teristics of the system is to examine the work done by the two
particles in the centrifugal and gravitational force fields.
When the two particles interchange their positions, the work
done by the particle originally located at Q, is

vi rvg)?
=%y Arooy
20r (r+6r)
while the work done by the particle originally located at Q, is
_Pot bpq { (vg + 6v,)*
2 (r+6r)

}5r+p0g<‘iz 31

W,

2
L lrton (rv30+5vo)] }&_ (0o + 800)gb2.

(32)
Condition (30) can be reached following the argument that the
stability of the system requires the leading terms of the total
work done by the interchange of the two particles to be non-
negative, i.e.,
1
Wl + Wz = r—36[p0rzv(2)]6r+ S(pog)(SZZO (33)
The physical meaning of the necessary condition for
stability derived by the method of generalized progressing
wave expansion can be seen immediately if one compares
equation (18) with equation (30) or (33). Equation (18) for
incompressible fluids reduces to

2
(3) (£ L L] (2)(2)
ar po Or  pg 07 ar 0z
2
_ [i 5’1’9_] (@) >0.
po 92 az
Equations (30) and (34) are identical if one matches 9Q/dr
with ér and 0Q/dz with &z, If the variation in the axial
direction is restrained, equations (30) and (34) reduce to the
well-known Rayleigh-Synge criterion [5], which is a
requirement for centrifugal stability. Also it can be easily
shown, by the same integral method used by Fung [6], that the
first term in equations (30) or (34) is in fact a differential
representation of a stable centrifugal force field. This
mechanism is reflected in equation (25a) saying that the steady
state of the flow should be stable in the radial direction. Two
parts are involved in this first term. The first part is the

variation of density in the centrifugal force field. The second
part is the Rayleigh discriminant representing a variation of

(34

the centrifugal balance constrained by the conservation of

circulation.

Journal of Fluids Engineering

If the variation in the radial direction is suppressed,
equations (30) and (34) reduce to a condition representing the
variation of density in the gravitational force field. This
mechanism is reflected in (25b) saying that the steady state of
density should be statically stable in the axial direction.

The second term in equations (30) and (34) represents the
cross correlation between the radial and axial variations of the
density in the centrifugal and gravitational force fields. This
variation is reflected in condition (25¢) with a mechanism to
be immediately revealed. For incompressible flows, equation
(25¢) reduces to

& 900
— 0z >1 (35)
a2 9 =
e Oko dpg F
po Or 7

which represents a requirement for stability imposed on the
density variations in the radial and axial directions. For fixed
values of the Froude number, the density variation in the
radial direction, as compared to that in the axial direction,
plays an opposite role in flow stability. While large density
gradients (negative) in the axial direction stabilize the flow as
in the case of two dimensional stratified fluids in a
gravitational force field, large density gradients (positive) in
the radial direction destabilize the flow. This is opposite to the
role played by density gradients in radius-dependent rotating
flows, and seems to be implausible at the first look. However,
this is also an interesting point that reveals the physical
mechanism carried by equations (25¢) and (35). For potential
flows, both equations (1) and (35) reduce to

_?fﬂ/a_pﬁzpzﬁ
ar | 9z g

saying that the ratio between the density gradient in the radial
direction and that in the axial direction should be compatible
with the ratio between the centrifugal force field and the
gravitational force field. And it is also the constraint con-
dition for the pressure balance requires that large density
gradients (positive) in the radial direction result in large
negative density gradients in the axial direction for a fixed
Froude number.

The arguments just presented for the physical mechanisms
of the necessary conditions allows us to conclude that
equations (25) represent a generalized state of statically stable
profiles for the steady flow. To secure stability for the basic
flow, it is necessary that the steady-state distribution satisfy
(@) the radial force balance condition, (b) the axial force
balance condition, and (¢) a pressure balance condition
constraining the variations of density in both the centrifugal
and gravitational force fields. As a result of the third con-
straint, equations (25) do not represent three independent
conditions. Either one of the two conditions in (25@) and (25b)
will have to be automatically satisfied if the other condition
and equation (25¢) are fulfilled.

(36)

Conclusions and Discussions

Necessary conditions of stability for an isentropic com-
pressible vortex flow, with the density being stratified in both
the radial and axial directions, have been derived using the
method of generalized progressing wave expansion. This
method transforms a set of partial differential equations into
a set of ordinary differential equations with equivalent
stability characteristics evaluated along the rays, thus,
provides one with a powerful tool to attack a class of steady
flows with more than one independent variable. The necessary
conditions derived here represent a generalized state of
statically stable distribution for the steady flow. They require
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the flow to satisfy the centrifugal force balance condition, the
gravitational force balance condition, and the pressure
balance condition restraining the variation of densities and
forces in both force fields. .

We have not been successful in obtaining a sufficient
condition for stability. However, the necessary conditions
derived suggest that a sufficiency condition for flows with the
steady distributions varying in both the radial and axial
directions should satisfy three criteria: (¢) one in the radial
direction [7, 8], (b) one in the vertical direction (the classical
Richardson criterion for 2D parallel flows), and (c) one
constrained by the pressure relation for the variation of the
density and for the balance of the two force fields [4].

An understanding of the stability criteria for the flow under
consideration is essential to the vortex motion in the late wake
behind a towed axisymmetric body., The existence of the
vertically oriented vortex structure far downstream of the
wake implies that the vortex motion satisfies some Richardson
criteria [4]. The stability criteria, if derived, will provide us
with an insight into the flow characteristics that may be used

781Vol. 107, MARCH 1985

to predict the evolution and breakdown of the vertically
oriented vortex motion.
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Introduction

Self similar descriptions of turbulent incompressible jets
issuing into stagnant surroundings belong to an established
class of fluid dynamics problems. Simple Prandtl mixing
length models for the turbulent shear stress have been used to
produce Goertler or Tollmien type solutions when the eddy
viscosity is independent of, or dependent upon, the lateral
coordinate, respectively [1]. Goertler’s solutions are infinite in
lateral extent while Tollmien’s solutions possess a finite
lateral edge but predict a vanishing eddy viscosity at the
symmetry location. Recent applications of two-equation
turbulence models to the jet problem [2-5] have produced
more realistic solutions with a non-vanishing eddy viscosity at
the symmetry location as well as a finite lateral edge.

Although Rodi [3] set down the conditions governing self-
similarity, using the two-equation model, the parabolic
partial differential equations are generally employed and far
field solutions are approached using numerical marching
procedures. These techniques introduce a degree of inac-
curacy that must be separated from faults due to turbulence
modeling [6]. Hence, it is desirable to cast the governing
equations into similarity form and solve them directly thereby
establishing a standard for comparison.

In this work the most commonly used of the two-equation
models, the k-e model [7], is employed to formulate the plane
and radial jet problems in similarity variables. Plane and
radial jets are chosen since they both appear to be adequately
described with the same set of model constants. No attempt is
made here to evaluate the k—e model’s performance with
respect to experimental data.
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Annual Meeting, New Orleans, La., December 9-14, 1984 of THE AMERICAN
SociETY OF MECHANICAL ENGINEERS. Manuscript received by the Fluids
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Sfor the velocity, turbulent kinetic energy and dissipation rate profiles are tabulated
and entrainment, velocity decay rate and growth rate are determined. The growth
rate differs by 6 percent from a parabolic marching asymptotic solution to the full
partial differential equations.

An analysis of the set of governing ordinary differential-
equations reveals them to be singular at the jet edge. Such
behavior was used [4] to generate k-kL model constants;
however, shooting techniques that were difficult to implement
{5] were required to solve the equation set. A transformation
is presented herein that removes the finite edge to infinity and
decouples the equation system rendering it amenable to ef-
ficient numerical solution. Detailed results are tabulated
which can be used to assess the accuracy of alternate
numerical approaches to the far field solution.

Formulation and Analysis

The high Reynolds number, thin shear layer equations
governing the turbulent incompressible jet are

continuity
i) . d . . .
—(ux’)+ — (vx¥') =0, =0, plane jet )
ox dy j=1, radial jet

momentum

du +o ou 0
U— _— =
ox ay ay
turbulent kinetic energy
ok
(VT - ) +P-e¢ 3

(r ‘;—;’ ) @

L/ ]
ox ay_okay

turbulent dissipation

de de 1 4a ( 66) €
U— +v—=— — -+ —(C,,P-C 4
ax ay o, ay vr ay k ( el 526) ()
Here 4 and v are the velocities in the streamwise, x, and
lateral, y, directions, respectively, The turbulent kinetic
energy is denoted by k, its dissipation rate by € and its rate of
production by P, where
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2
szr(z—;) .

The eddy viscosity, v, is defined by
k2
Vr= Cl‘ ?

Boundary conditions for equations (1)-(4) are

symmetry plane, y =0: du _ Ok _ O =0 (5a,b
y y plane, y=0: 5 - oy —ay—v— a,b,c,d)
jetedge, y=y,: u=k=¢=0. (6a,b,c)

The only initial condition of consequence for the far field
solution is the momentum flux constraint from the integration
of equation (2) across the jet,

Yo, J-2 ije 2q 7

— =0, J=2 uldy.

p . y @)
Here J is the kinematic momentum flux per unit width for the
plane jet, per radian for the radial jet. Model constants [7]
complete the specification of the problem,

C,=0.09,C,=144,C,=1.92,0;,=1,0,=1.3.
It is advantageous to define a stream function, ¥, where

oy . oY )
_ = ux/, " = —px/ s
3 o ux 8a,b)
and equation (1) is then identically satisfied.
Let the similarity variable be
Yy
== )
Cu l/2x

and choose the dimensionless stream function, F(), so that
Yx,m) =C, 2 ()x/ L F () (10)

The lateral distributions of velocity are evaluated from
equations (7-10)

u v

— =F'(y), ——

U, () Cﬂl/zu0
where the primes indicate derivatives with respect to ». The
centerline velocity distribution, u, (x), can be determined
from equation (7), written in form

J n
:ZC,LVZSOe F'2(9)dy

ugxi+!
When the turbulent kinetic energy and dissipation functions
are expressed as

=qF ()= 2" 'F(n)

(11a,b)

(12)

Nomenclature

k ex
— =G (), 5 =H(n) (13a,b)
Up Up
then equation (2) is easily placed in similarity form,
) G?
21“(F’2+FF”)+(EF”>’=O. (14)
Equation (14) may be integrated once yielding
. G?
2-IFF' + — F" =0 15
7 (15)

where symmetry plane boundary conditions require that the
constant of integration vanishes.

The similarity form for equations (3) and (4) is achieved in a
like manner, viz.

VE'G+YFG 4+ <GZG’)’+(—;~2F”2—H—O (16)
op \ H H B

1 . 1 /G?
~(5+3j)F’H+2/’]FH’+—~(—~H’> "+C, GF"?
2 g, \ H

C " =0

€2 G -

To apply the boundary conditions (5), (6) to equations

(15)-(17) recall that equation (5q) is already satisfied by

equation (15) and that the scaling implied by equation (11a)
must be fulfilled. Thus,

symmetry plane: F(0)=G'(0)=H'(0)=0,F'(0)=1
(18a,b,c,d)
jetedge: G(n.)=H(n,)=0 (19a,b)

It is to be noted that the similarity profile shapes are in-
dependent of the model constant, C,. The requirement that
F'(n,)=0 (equation 6(a)) is met as a consequence of equations
(15) and (19) and does not demand the imposition of a
boundary condition. In addition, the value of 5, is unknown
and must be determined during the course of the solution.
Equations (15)-(17), with boundary conditions equations (18)
and (19), form a highly nonlinear two-point boundary value
problem which must be solved numerically. The solution of
this problem is further complicated by the appearance of a
singularity at the jet edge which is caused by the vanishing of
the turbulent kinetic energy and its dissipation rate. As a
consequence it will be shown that the eddy viscosity also
vanishes at the jet edge.

The structure of the edge singularity is deduced as follows.
Define the distance from the jet edge as

an

exponents (equation (20))

coefficients (equation (20))

constants in turbulence model

stream function similarity variable

turbulent kinetic energy similarity variable
dissipation rate similarity variable

index; plane jet (f = 0), radial jet (/ = 1)
kinematic jet momentum flux per width, per
radian

= turbulent kinetic energy =

1/
~ u’2+v’2+’w’2>
5 (

=

=

o
I

I

(1]

turbulent length scale

= production of £

streamwise mean velocity

streamwise mean velocity similarity variable

]

(I
|
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v = lateral mean velocity
Xx = streamwise coordinate
y = lateral coordinate
e = dissipationrate of k&
n = similarity coordinate = C;2y/x
A = distance from the jet edge = 5, — 14
vy = turbulent eddy viscosity
¢ = transformed similarity coordinate
oy = diffusion constants in k, e equations
7 = turbulent shear stress:= —u'v/’
Yy = stream function
Subscripts
e = jetedge
o = symmetry plane
1/2 = velocity half-width
e T

edge of computational domain
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A= e =7
and assume that, to leading order in A\, the dependent
variables can be represented by
F=F,—AN,G=BN', H=CN;A—0 "(20a,b,¢)
where F, is the edge value of the stream function and each of
the coefficients and exponents is required to be positive. Also,
for the streamwise velocity to exhibit the proper decay, a> 1.
For this behavior to be consistent with the momentum
balance (equation (15)) requires that

. B?
~2 1 AaF N1 + < Aa{a—1)N\P-cta-2=,

Matching coefficients and exponents reveals
B? )
(a—1)~C~=2f"Fe, 2b—c—1=0. (2la,b)
Satisfaction of the turbulent kinetic energy balance
(equation (16)) dictates that
. B /b
2 ABaNe+b-1 4 20 (— —a+ 1) G
C \g;

2p2

+ aZ(a_l)Z}\Za'«J_C)\Zb—l =0

where use has been made of equation (21a,b). Two leading
order exponent possibilities exist, viz.

O b=2a-1)

an b<2(@-1).
Possibility (I) is unworkable since it produces an inconsistent
coefficient balance. That is,

B /1 1\ AB
—b2<—-———> 2 _12:0
ct\; 2/t v

where both terms are positive. Possibility (II) is acceptable
and the coefficient balance yields

b=a,(a-1) (22)

Finally, the dissipation balance (equation (17)) along with
the relationships of equation (21a,b) and (22) necessitate that

>b—1])\2“’")

2
+C lBAZaZ(a__ 1)2)\2[b(1/uk+1/2)~1] -C 2 C_ )\3b72 =0
€ & B

1 B?
—(5+3)aAC NN~ Dva il [( -
2 O, Ok

where, by inspection, the second term is of leading order and
its vanishing coefficient determines the value of b. This, and
equation (21b), (22) give

1 oy ¢
~-1= b= = : 23a,b,
¢ 20, — o, b 20, —0, ¢ 20, —o0, (23,6,
so that equation (21a) becomes
G? .
7 =2"1Q20y —a)F,\, A0 (24)

This analysis of the standard k-e model in the vicinity of the
jet edge shows that diffusion of £ and e toward the edge is in
balance with advection toward the jet interior due to the
entrainment velocity. In addition, equation (23a) assures that
the streamwise velocity vanishes as the edge is approached.
Equation (24) predicts that the eddy viscosity increases
linearly with distance from the edge, its slope given in terms of
the edge value of the dimensionless stream function. In
contrast to k-kL models [2]-[4], which incorporate a finite
turbulent length scale at the jet edge, the k-¢ model [7] causes
this scale to decay with the 2/7 power of \, i.e.,
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[T — Ci/4k3/2/6 — )\(30/2-—4:6)/(20/( _”f),>\—‘0.

Other consequences of the model are also of interest. The
velocity, u, is given by

__Li =aA}\1/(Zak —Ué).

” (25)
The dimensionless shear stress is defined by
u'v’ G?
— CI/Z i ~l
2 P F (26a)

and it must exhibit the same edge behavior as the streamwise
velocity (equation (15)). Furthermore, the turbulent shear
stress to kinetic energy ratio is

u'v’

~ N0 =0/ 2ok =00 \ .0 (26b)

which reduces to a constant for the model value of o, = 1.

Method of Solution

The three second order ordinary differential equations
(equations (15-17)) and their boundary conditions (equations
(18), (19)) are not in a form particularly amenable to
numerical solution. Both boundary conditions on the stream
function of equation (15) are applied at n=0. This suggests
that a better arrangement can be found in terms of two first
order equations via the introduction of a new dependent
variable, U, so that

U=F’ @7

and
GZ
V-IFU+ — U’ =0
Jei (28)
In addition, the two point boundary value problems for G

and A (equations (16), (17)} are highly coupled, nonlinear and
difficult to implement because the jet edge location is
unknown a priori. Fortunately, a simple transformation of
the independent variable, viz. 5 = »(£) where

dn  G? £ G?

A= a=| T

d¢ H H
eliminates much of these difficulties. Note that, as defined, ¢
= 0 is the symmetry plane, n = 0. If the transformation is
applied to equations (27), (28), (16), and (17) the result is

(29a,b)

G*U
T =F; 30)
21*‘FU+UE=O (€23]
. ) 1 )
2IFEG+21*1FGE+—~Ggg+4f“F2U2—Gz=O (32)
Tk
1 ) i 1 H .
§(5+3J)F£H+2 FHE+0~HEE+E(4/ C, FPU?
-C,G*)=0 33)

where the subscript, £, indicates differentiation with respect
to £. Of particular note is that the transformation has un-
coupled the turbulent kinetic energy, equation (32), from the
dissipation rate, equation (33), and virtually removed the
nonlinearities. Equations (30), and (31) can be integrated
using the boundary conditions (equation 18a,d) to produce
£ G2
Fo = % vas (34)

U(E)zexp(—«S:Zf“‘ng), 35)
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and along with equations (32) and (33) they comprise the
system to be solved numerically.

Because the lateral dependence of the eddy viscosity is
embodied in the coordinate transformation the equations
formulated in the ¢ variable take on a constant eddy viscosity
appearance. In fact, the jet edge has been transformed to
infinity. This is demonstrated by substituting equation (24)
into equation (294) to obtain

dk 1
dq 270, —0IF, (1.~ 1)
Integration yields
1

S T TR

so that ¢—oo for n—y,. Using this result in equation (295)

gives - S © G2 .

Me = 0 }; £
which provides an explicit expression for the location of the
edge of the shear layer. Using equation (36) for £(\) along
with equation (205,¢) and equation (23b,c¢) establishes the
asymptotic boundary conditions on G(§), H(§) as the jet edge
is approached. Namely,

G(&)=G(¢,)expl2 "o F (&, — H)],E— o0 (38a)
H(&)=H(t,)expl2 "o F, (£, — £~ (38b)

where £, is an arbitrary constant. These asymptotic forms
can also be found directly from the transformed equation
(30)-(33).

A numerical solution is sought to equations (32)-(35) in the
domain 0<(=<§g, where £, is chosen large enough so that
equations (38) are applicable for £>£,. (Numerical ex-
periments determined that £, =46/2/ places 5, within 1
percent of the jet boundary, well into the asymptotic edge
region.) The second order finite-difference representation of
equations (32)-(33) is formed by replacing all derivatives by
their three point central differenced counterparts using a
uniform mesh. At the symmetry plane (£=0) a reflecting
boundary condition is invoked and at the outer edge of the
domain G(¢,) and H(§,) are related to their corresponding
values at the neighboring interior point by equation (38). A
tridiagonal solver is used to find the G(§), H(§) distributions
and F(§£), U(¢) are found from equations (34) and (35) by
quadrature. This cycle is repeated until the residuals of the
difference equations for G and H are less than 10~ !! at every
point. Generally, this tolerance required less than 100
iterations independent of the number of grid points.

The numerical solution may be continued analytically into
the domain £>¢,. For example, recasting equation (296)

M= e

In A+ constant, A—0 (36)

(37

gives £, G2 e
=], Gaee] Ta

and, with the use of equation (38) this may be expressed as
G*(¢,)/H(E,)

(&) =n(§,)+

EZE 2j71Fe(20k"0'E)
—exp[2 " Fo o, —a )&, — DI} (39

In a like manner, the velocity may be evaluated from equation
(35), viz

U(§) = Ut )exp[2 ™' F, (£, - §)]

£z¢, (40
and the stream function from equation (34),
_ G (E)U(E,)/H(E,)
F(>_E)‘§—F(£*)Jr 7 FQa—at 1)
—exp[2/ "' F, (20, — 0.+ 1)(§, = )]} (41)
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Table 1 Plane jet similarity solution
¢ n r u G H
0.0 0.0 0.0 1,6G0000 0.06967 0,11447
0.55140 0,02044 0.02042 0.79719 0.,06594 0.11723
1.10321 0,04097 0.04081 0.98880 0.06578 0.11945
1,65481 008144 0.06114 0.,97500 0.06808 0.12290
2.15125 0,08048 0.07934 0,90814 0.,05954 0.12677
2,70284 0.10148 0.09941 0.,93481 0,07138 0.13151
3.12930 0,12104 0.11729 0,91000 0,07308 0.13577
3,£9574 0.14075 0.13493 0.88195 0,07470 0.13965
4,19218 0.16074 0,15224 0.895104 0.,07613 0,14279
4,4884% 0,18104 0.14920 0.81774 0,07725 0.14492
916597 0.20162 0,18567 0.,78252 0.07799 0.14580
562625 6.22012 0,19985 0,74993 0.07827 0.14544
6,12280 0,24113 0,21521 0,71227 0.07812 0.14348
8.,61934 0,24223 0.22997 0.67398 0,07747 0,14055
7,04052 G.28114 0,24224 0.65977 0.07448 0,13648
7.30180 0,30002 0.25402 G, 50567 0.07511 0,13192
7.99829 0,32124 0.288645 0.35778 0.,07315 0.12546
8.47449 0.34208 0,27802 0.53057 0,07082 0.11667
8.93597 0.34084 0,28757 0.49854 0,04947 0,11201
2.43241 ,28148 0.297450 0.46343 0,0855 0,10422
92.72884 0,40179 0,30457 0.43014 0,0£24% 0.094631
10,42530 0.,42171 0.34482 0,39821 0,05926 0.,08844
10.92174 0,44119 0,32228 0,356793 0.08595 0,08074
11.41819 0,44019 0432900 0,33935 0,05242 0.0732
11.%96979 (. 48055 0.33564 0,30943 0.048%94 0,06542
12,82119 0,50044 0.,34149 0,28202 0.04534 0.05941
13,12614 0,52134 0,3470% 0,25404 0,04151 0.,05115
13.73492 0.54131 0.35190 0.22348 0.03784 0.04461
14.34168 0.54033 0.,3560% 0,20521 0,03443 0,03877
15,05877 0,56158 0.,35012 0,18048 0.03045 0,032724
15.72046Y 0,50001 0.36325 0.,14012 0.,02744 0 23
16449294 0,62011 0,344246 0.13908 0.02408 0.02314
17,37550 0.64126 0,345B98 0.11825 0,005 0,01842
o2 0.66094 0,37109 0,10043 0.01744 0.0149%
0.68018 0.,37290 0.08350 0.01478 0,01158
0,70048 0,37442 0.06725 0.,01197 0.00874
0.77059  0.37542  0,0524 0.0092%  0,0057%
0.74037 0.,37653 0.,03924 0.00705 0.00427
0.74038 0,37719 0,02727 0,00492 0.002464
0,78030 0,37743 0,01489 0,00205 0.,00140
0,80009 0.37788 0.00832 0,00151 0.00055
0.32001 0.37747 0.00193 0,00035 0,0000
0.,83127 0.,37798 0.0 .0 0.0
Table 2 Radial jet similarity solution
£ n F U G H
0,0 0.0 0.0 1.,00000 0,15594 0,35947
0.,31735 0,02146 0.02141 0,99440 0.,19610 0.36034
9,40586 0,04097 0.,04080 0.98769 0,13450 0,34198
0.87424 0,06050 0.05994 0,97343 0.15704 0.36430
1,18284 0,068003 0,07879 0.95413 0.,15782 0,36682
1,360021 0,1015 0,09903 0.92757 0,15812 0.36913
1.78872 0.12104 0.11688 0.89912 0.,15628 0,37017
2.07722 0,14057 0.13411 0,84713 0,15801 0,36960
2,36572 0,14003 0.15069 0.83222 0.15718 0.36695
2,48307 0.,18134 0.14795 0.79118 0.13549 0.346125
2,97158 0.20038 0.18280 0.70213 0.15319 0,35337
3.28893 0,22154 0.19810 0.70799 0.14979 0,34177
2.97743 0,24034 0,21104 0,44740 0.14594 0,32874
3.89478 0,26074 0,22 0.,42285 0,14093 0.,31212
4,21214 0,28072 0,23 0,57895 0,13521 0,29354
4,52949 0.30024 0.24 0.524620 0.12893 0,27347
4,87569 0.32095 0.25 0,49131 0,12159 0,256112
§.22189 0.34099 0,24 0,44863 0,11393 0,22839
J.96810 0,34029 0,2 0.,40840 0,10612 0,20604
9.94315 0,38032 0.2 0,36777 0,09748 0.18284
6.34703 0.40084 G 0,32754 0.08878 0,15952
5,75094 0,42023 Q 0.29094 90,0802 0,13819
7,21254 0,44101 0 0,75340 0.07109 0.11644
7.67417 0,46031 0 0.22019 008245 0.09795
8,19347 0.48030 [ 0.18758 0,05407 0.07948
8.77048 0,50044 0 0.,15464 0.04547 0.04294
7.40518 0.,52028 0 0,12821 0.03774 0,0485
1G. 12644 0,54006 0 0,10193 0,02027 0.,03592
10.99194 0,36032 0 0.07724 0,02712 0,02497
172,01009 0,58031 ] 0.,05532 0.01555 0,01510
13.3576¢ 0.60021 [ 2% 0,03604 0.01091 0.00918
15.,23292 0.62014 0 0,01965 0.060597 0.00413
16,49301 0.,64004 0 0.00583 0,00208 0.00105
o (.65834 0. 0.0 - 0.0 0.0

The edge values, 7, =n() and F, = F() are evaluated from
equations (39) and (41), respectively.

Results and Discussion

The similar solutions tabulated for the plane jet (Table 1)
and the radial jet (Table 2) are highly mesh resolved and
considered to be ‘“‘exact’ to four decimal places. These
computations used 801 ponts across the jet, equally spaced in
the £ coordinate, and required 10-13 CPU seconds on the
IBM-3033. Approximately 80 percent of the grid points fall
beyond the velocity half-width location. A mesh width study
revealed  that reasonable accuracy can be attained with far
fewer points. In fact, calculations with 41 points produced
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Fig. 1 Plane jet similar solution, mean properties. Stream function,
streamwise velocity and lateral velocity profiles.
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Fig. 2 Radial jet similar solution, mean properties. Stream function,
streamwise velocity and lateral velocity profiles.

local symmetry plane and jet edge results with less than 1
percent deviation from the 801 point solution. Global features
of these solutions (e.g., growth rate) showed even less
deviation (=0.1 percent). The centerline velocity decay rate
(equation (12)) as well as the half-width growth rate (see
(equation (9)) and the entrainment velocity (see Eq 11b)
predicted by the present computations are given in Table 3.

These results represent a standard by which the calculations
utilizing parabolic-type marching schemes can be judged on
their approach to far field similarity. It is not the purpose of
this work to evaluate the performance of the standard k-¢
model with respect to the body of experimental data.
Nevertheless, it is worth noting that the overall features
predicted in Table 3 are consistent with plane jet [8] and radial
jet [9] data. The plane jet growth rate calculated by Ljuboja
and Rodi [10} with the identical turbulence model as used here
is 0.114. This exceeds the present result by 6 percent.

The Goertler and Tollmien type similarity solutions, based
upon Prandtl mixing length concepts, produce identical
streamwise velocity profiles for the plane and radial jets [1]. It
can be proven, and the velocity profiles of Figs. 1 and 2 show,
that this is not the case for the k-¢ model. The ratio of the jet
edge width to the velocity half-width, #,/9,,, is determined to
be 2.309 for the planc jet and 2.077 for the radial jet.

Journal of Fluids Engineering

Table3 Overall features of the similar solutions

Velocity Depay Rate  Growth Rate  Entrainment
J/ugx Yi/a/% —ve /U,
Plane Jet 0.1595 0.1080 0.0567
Radial Jet 0.1412 0.0951 0.0972
02 P T T T T T T T
- an = H 9
)
a L ]
H.
_9? 28 01 fe -
H
X -0
L b
cp"‘/’_—:'_;; 62 L
L o J
o 1 N N | 1 1 1 1
o 0.5 1.0

ETA

Fig. 3 Plane jet similar solution, turbulence properties. Shear stress,
kinetic energy, and dissipation profiles.

o4 T T T T T T T T T

03— -

0.2p= —4

AN -

Fig. 4 Radial jet similar solution, turbulence properties. Shear stress,
kinetic energy, and dissipation profiles.

Calculations by Rodi and Spalding [2] with a (k—kL) model
produced edge width to velocity half-width ratios about 10
percent greater than those given here. Such computations
have consistently predicted radial jet growth rates larger than
plane jet growth rates [3], a trend opposite to that noted in
Table 3.

The lateral distribution of turbulence properties (Figs. 3
and 4) are much like those given by Rodi [3]. To be noted are
slight minimums in the turbulent kinetic energy and
dissipation functions at the radial jet symmetry plane. These
features were found by Rodi and Spalding [2] but not by Rodi
[31.

The level of the turbulent shear stress in the radial jet is
about twice that occurring in the plane jet. This is a con-
sequence of the factor 2/~! appearing in equation (15) and has
been pointed out by several researchers. That the turbulent
kinetic energy levels are also in this proportion follows from
observing that the profiles G(n) and G* F" (4)/H (%) are nearly
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Fig. 5 Plane jet similar solution; turbulent energy balance as a func-
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Fig. 6 Radial jet similar solution; turbulent energy balance as a
function of lateral position

coincident beyond the location of maximum shear. The
balance of turbulent kinetic energy equation terms (Figs. §
and 6) shows that the maximum shear point occurs ap-
proximately where production and dissipation are dominant.
In such an equilibrium region equations (16) and (264) yield

’ ’ ”
uv A GF" . 1»
—_— =-C ——=C .
S " u
k k-equilibrium H

Previously, it was shown (equation (265)) that in the vicinity
of the jet edge the shear stress to kinetic energy ratio is
constant for o, =1. Therefore, the equilibrium region fixes
the value of this ratio (equation (42)) and the constraints of
the energy balance in the edge region act to maintain the
relationship throughout the outer region of the jet.

The modeled balance given by the turbulent dissipation
equation (Figs. 7 and 8) shows enhanced effects due to
convection near the radial jet symmetry plane vis a vis the
plane jet. This effect is also apparent in the turbulent kinetic
energy balance but not to the extent shown by Rodi [3] or
Rodi and Spalding [2] with their k~kL model computations.
The production and destruction of the dissipation function
are in near balance at the same location as the turbulent
kinetic energy near-equilibrium region. Such a balance for
dissipation requires '

42)

84/Vol. 107, MARCH 1985

0.6
I T i i T I T I T
Z
Z pu
(4]
2
¢, 6F"" (ProDUCTION) -1
5e,, L LEn -
BF s FH
(ADVECTION)
0
u
a
o
st
u? -
—C,, G (DESTRUCTION)
—06 A 1 1 [l | | I | 1 [

Fig. 7 Plane jet similar solution; dissipation function balance versus
lateral position
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Fig. 8 Radial jet similar solution; dissipation function balance versus
lateral position
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which implies-a 15 percent excess over the ratio of equation
{(42). The modeling of the dissipation equation (e.g., Rodi
[11]) isresponsible for the slight excess in turbulent shear with
respect to turbulent kinetic energy depicted in Figs. 3 and 4.

The edge regions of 'Figs: 5-8 are consistent with the
analysis - given here showing that, in this neighborhood,
diffusion-and convection (i.e., entrainment) effects are in
balance. The rapid variation of the balancing terms as the
edge is approached, and the fact that the location of the edge
is not known a priori, serve to magnify the difficulty of
obtaining numerical solutions using 4 as the independent
variable.

(43)

Concluding Remarks

The far field similarity equations for plane and radial jets
subject to the standard k-eturbulence model has been
presented. The nature of the solutions has been elucidated in
the vicinity of the boundary separating the jets from their
stagnant surroundings.  This: analysis was shown to be
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necessary in order to achieve the numerical solutions to the
governing equations and should prove helpful to other in-
vestigators.

A coordinate transformation has been given that accounts
for the lateral distribution of eddy viscosity by a stretching of
the similarity variable. This method yields a simplified set of
governing equations amenable to efficient computational
solution. The technique is applicable to other related
problems.

It is hoped that the detailed solutions tabulated here can
serve as a guide by which the accuracy of parabolic type
marching schemes can be assessed to have achieved self-
similarity. For example, Ljuboja and Rodi calculated a plane
jet growth rate 6 percent in excess of the present calculations
using the identical turbulence model. The separation of such
numerical inaccuracy from model shortcomings remains an
important concern of modelers. Similarity solutions for other
turbulence models currently in use can help to eliminate some
of these numerical uncertainties.
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Near Wake Properties of a
Strumming Marine Cable: An
r.0.razer § EXpErimental Study

Naval Research Laboratory,

Washington, D.C. 20375 Resonant flow-induced oscillations of a flexible cable can occur when the damping

of the cable system is sufficiently small. The changes in the flow field that occur in
the near wake of the cable during these resonant oscillations are closely related to
D. M. Rooney the changes in the fluid forces that accompany these oscillations. The present wind
Engineering Sciences Dept.., tunnel experiments were undertaken to examine the effects that forced synchronized
Hofstra University, vibration and the helically-wound cross section of the cable have on near wake
Hempstead, NY 11550 vortex shedding-related parameters; specifically the shedding frequency, vortex
Sormation length L, reduced velocity U,, vortex strength and the wake width L.,.
The range of flow speeds over which the vortex shedding was locked on to the
vibration frequency varied directly with the vibration amplitude. The helical cross
section and the synchronized vibration caused significant changes in the near wake
development that could be directly related to the increase in hydrodynamic forces
associated with unforced synchronized vibration.

Introduction 3.20- 7
Marine cables are often integral parts of a complex 2.80~

structural system. When fluid flows uniformly past, or when 240l

these high aspect ratio bluff bodies are exposed to waves and ’

nonuniform current flows, vortices are shed as the flow L 200

separates alternately from opposite sides of the body. When frd

the shedding frequency is close to one of the natural 1.60-

frequencies (or sometimes a multiple thereof) of the cable

system, intensified large amplitude cross flow oscillations can 1.20/~

occur if the structural damping is sufficiently small. 080l  © WOO etal. _

Strumming, or lock-on is also characterized by increased @ PELTZER

stresses, hydrodynamic forces, fatigue, and ultimately it 0-4(102 e ""1'(|)3 Lt ""'1'5)4 Ll 705

reduces the overall life of the structure and its components.
Numerous references to vortex shedding-related structural
problems in the literature attest to the fact that substantial  Fig. 1 Vortex formation lengths for circular cylinders in uniform and
research into vortex related synchronization phenomena must  linear shear flows
be performed and analyzed. The present wind tunnel ex-
periments were undertaken to examine the effects that forced
synchronized vibration and the helically-wound noncircular
cross section of the marine cable have on the near wake vortex
shedding-related parameters; specifically the shedding
frequency, vortex formation length, and the wake width. The
results that are presented in this paper are part of a wider-
ranging study dealing with vortex shedding from a vibrating
cable in a linear shear flow [14].

Reg

citation was used to simulate the self-excited resonant wake
conditions in order to study the lock-on induced changes in
the cable wake. The validity of this approach has been
examined by Griffin [5] who found that changes in the near
wake that accompany resonant vortex excited oscillations
were reproducible from forced, externally-excited oscillations
when the experimental conditions were carefuly duplicated.
The vortex formation length (L,) is a measure of the
downstream extent of the vortex formation region in the
. cylinder wake, and is generally defined as the distance be-
_The cable system employed in the present study was t00  yween the cylinder center axis and the first downstream ap-
highly damped to be self-excited in an air flow. Forced eX-  pearance of the fully formed periodic vortex street. The
measurement criterion that was used in the present study to
—_— . define the location of the formation length was the rms
Contributed by the Fluids Engineering Division and presented at the Winter maximum of the second harmonic of the fluctuating velocity

Annual Meeting, New Orleans, La., December 9-14, 1984, of THE AMERICAN . . ke. Thi . .
SOCIETY OF MECHANICAL ENGINEERS. Manuscript received by the Fluids Ol the axis of the wake. Is criterion was used in most

Engineering Division, November 1, 1983, Paper No. 84-WA/FE-9. previous studies [1, 4, 12, 14, 21].
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Fig.2 Wind tunnel test section and cable model (streamwise view)

Figure | shows a summary of two experimental studies [14,
21] dealing with the measurement of the formation length in
the Reynolds number range 8.0 X 10% to 1.6 x 10°, Woo et
al. measured the formation length at the centers of five high
aspect ratio brass tubes in various low and moderate linearly
sheared flows. The formation length values were not
significantly affected by the sheared flows. There is not much
scatter in the data of Woo et al. and Peltzer which fall on the
solid curve, as both were careful to minimize end effects. At a
Reynolds number of 1.0 x 103, the formation length, L,/d is
2.8. As the Reynolds number increases, L,/d decreases until it
becomes constant at a value L,;/d = 1.32 when the Reynolds
number reaches 1.0 X 104, and it remains constant until Re =
1.6 x 107,

Studies dealing with changes induced in the near wake of a
rigid cylinder by self-excited or forced motion of the body
were conducted by Koopmann [11], Griffin et al. [4, 5, 8, 9,
10], Davies [3], Stansby [20}, Sarpkaya [18], and Zdravkovich
[22], among others. Koopmann found that the frequency
range over which lock-on occurred increased as the amplitude
of cylinder vibration increased. The correlation length,
defined as the spanwise distance along the cylinder span over
which the vortex shedding is in phase, increased rapidly as a/d
increased. Griffin et al. found that the length of the vortex
formation region decreased when the cylinder vibration
amplitude (a/d) and cylinder vibration frequency (f.,/fes)
ratio were increased while the cylinder and vortex shedding
frequencies were lock-on. The vortex strength, vorticity
generation, and the wake width increased as the cylinder
vibration amplitude was increased.

Zdravkovich summarizes three major reasons why the
vortex shedding behind a synchronized oscillating cylinder is
stronger and more regular than that found behind a stationary
one:

1). The formation length decreases and the fluctuating and
time averaged forces are magnified.

2). The spanwise correlation of the vortex formation and
shedding are enhanced remarkably by the cyclic oscillations.

3). Since the synchronization frequency remains constant
over a range of flow velocities, there is a constant period of
time available for the formation. More vorticity is generated
with increased velocity within and along the synchronization
range and the vortices become stronger.

By vibrating small aspect ratio (L/d = 16, 20) circular
cylinders in a uniform flow, Stansby developed empirical
formulas to predict the frequency boundaries of the lock-on
region as a function of vibration amplitude in the Reynolds
number range 3.6 x 10 to 9.2 x 10%. He found that the
vortex shedding locked on to submultiples, f,,/fe, = 2, 3 of
the cylinder vibration. At the upper and lower boundaries of
locking-on, the regular unforced vortex shedding frequency
was intermittent with the locked-on shedding frequency.

Studies dealing with synchronization phenomena in the
near wakes of vibrating flexible cylinders in uniform flow
have been performed by Ramberg and Griffin [15-17]. With
hot-wire anemometry measurements they studied the vortex
wake of a synchronized forced vibrating cable in uniform
flow for Reynolds numbers between 230 and 1300. There it
was found that spanwise variation of the vortex formation
length was determined by the local amplitude (a/d) variation.
As a/d increased, L /d decreased. An inverse relation was
found between the local formation length and vortex strength,
which was consistent with Davies’ and Zdravkovich’s ob-
servations.

Experimental Apparatus and Methods

The present experiments were conducted in the 8.5 m long,
1.8 m square test section of the VPI&SU subsonic stability
wind tunnel. An electronically controlled three-dimensional
traverse was available to transport the measuring instruments
in the vertical (x), spanwise (¥), or streamwise (g) directions.
Figure 2 shows a diagram of the wind tunnel test section
including the cable model.

The cable that was used in the tests was constructed of seven
strands of Kevlar synthetic fiber rope, wound around each
other helically, and wrapped with a polyurethane jacket. The
noncircular cross section had a 1.143 cm measured mean
diameter over the jacket. The aspect ratio of the cable was
L/d = 107. The cable tension was adjusted with the turn-
buckles and measured using a Strainsert universal flat load
cell. The small dc motor with an eccentrically located mass
was attached to the cable in order to excite the lower vibration
modes by varying the motor speed and cable tension. The
cable mode shape, vibration amplitude and frequency were
obtained using a Physitech electro-optical auto-collimator
tracking unit. The optical head was mounted on the traverse
downstream of the cable, and focused on the top edge of the
cable which had an incandescent light source placed up-
stream to give a clear edge for tracking the motion of the
cable, Details of the cable vibration measuring procedure are
given by Peltzer [14].

To examine the vortex shedding characteristics in the near
wake of the cable, a straight hot-wire probe was attached to
the traverse and positioned in the cable wake where the
strongest vortex shedding occurred (x/d = 0.92, z/d = 3.5).
The probe was connected to a TSI model 1050 constant
temperature anemometer., The output signal from the
anemometer was band-pass filtered and sent to a ZTL FFT
processor.

Previous investigators [11, 20, 21] had not established
uniform criteria that could be used to determine when the

Nomenclature
a = local vibration amplitude
a4, = amplitude of vortex shedding fo = vortex shedding frequency L, = wake width
frequency peak on power from a stationary cable Re = (Ud/v)Reynolds number
spectrum fesw = vortex shedding frequency St = (fesufes) d/U Strouhal number
a., = amplitude of cable vibration from a vibrating cable U, = (U/f.d) reduced velocity
frequency peak on power Je = cable vibration frequency Ur = (U/f,,d) critical reduced
spectrum L = cablelength velocity
d = cable diameter L; = vortex formation length y = spanwise location
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Fig.3 Cable mode shape

vortex shedding initially locked on to the cable vibration.
Preliminary observations of power spectra of the hot-wire
signal were used to help establish the criteria that would
determine when the vortex shedding frequency from the cable
(f.s») locked on to the forced vibration frequency of the cable
(f.). When the amplitude ratio of the vibration and vortex
shedding peaks was equal to 20 (a.,/a., = 20), the ratio,
Sesw/ S, became equal to a constant and the vortex shedding
was considered locked on to the forced cable vibration. The
reasons for choosing this criteria are the following. When the
ratio, a,,/d.s, was equal to 20, this typically corresponded to
the Reynolds number (flow velocity) where the frequency
ratio, f./f, initially became equal to a constant even
though a.,/a., still varied with changes in the flow velocity.
For values of a,,/a., less than 20, the vortex shedding was
intermittent between forced and unforced, evidenced by the
changing ratio f,,/f.. The intermittent shedding ceased
when the amplitude ratio was greater than 20, and only forced
shedding remained.

The present investigations were performed in two phases
separated by three months time; a preliminary first phase
where some experimental data were obtained while the
measurement techniques were established, and the primary
second phase where the majority of the data was obtained.
Unless otherwise noted, the results presented in this paper
were obtained during the primary phase of the investigation.

Results and Discussion

The experiment was designed to measure the flow
properties in the near wake of a flexible cable forced to
vibrate in the first mode. The nondimensional first mode
shape is shown in Fig. 3. The absolute value of a/a,,,, is
plotted against the spanwise location (y/d) along the cable.
The mode shape was invariant with peak-to-peak vibration
amplitude ratio, a,,,,/d. The measured values of the vibration
amplitude (@) were accurate to within *4 percent for the
second phase tests and =+ 10 percent for the first phase tests.

The frequency boundaries of the synchronization or lock-
on region were measured for vibration amplitudes ranging
from 0.02 to 0.32 along the span of the cable. The lower
boundary of the lock-on region is defined as the initial
velocity where the frequency ratio, fo,/f, becomes equal to
a constant (less than 1.0) and the ratio a.,/a., is equal to 20.
The upper boundary of the lock-on region is defined as that
initial velocity where f,,/f., becomes equal to a constant
(greater than 1.0) and the ratio, a.,/a.., is equal to 20. The
significant results are presented in the next four figures.

The frequency boundaries of the cable lock-on regions are
plotted in Fig. 4 as a function of increasing forced cable
vibration amplitude. The numerical values of the frequencies
defining the boundaries of the lock-on region could be
measured accurately to within + 1.5 percent. The individual
frequency ranges that were measured at specific a/d locations
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Fig.5 Reduced velocity at the boundaries of the lock-on region for the
vibrating cable as a function of the vibration amplitude

along the span of the vibrating cable were not influenced by
changing the maximum value of the vibration amplitude at
the antinodes.

The frequency range over which the vortex shedding locked
on to the cable vibration increased proportionally with the
vibration amplitude, a finding consistent with Koopmann’s
[11] and Stansby’s [20] results. The absolute value of (f.s,/fes
— 1.0) at the upper boundary was measurably larger than the
corresponding value at the lower boundary. The shedding
remained locked on to the cable vibration over a significantly
wider frequency range at the upper boundary a finding which
is consistent with unforced lock-on behavior.

The lock-on phenomena can be further examined by
plotting the reduced velocity, U, = U/f,,d, at the boundaries
of the lock-on region versus the vibration amplitude. U, is the
critical reduced velocity (f., = f.), Where so called perfect
synchronization occurs [18]. In order for a cable to be
naturally excited into strumming, the reduced velocity must
be nearly equal to the critical reduced velocity such that the
frequency of the vortices that are shed from the cable is nearly
equal to an excitable natural frequency of vibration (f,/fw
= 1.0).

The present results are shown in Fig. 5. Perfect syn-
chronization occurred at the critical reduced velocity value U*
= 5.50 = 0.22. The corresponding Reynolds number was Re
= 2.93 x 10%. The cable vortex shedding locked on to the
forced vibration frequency at a constant reduced velocity U,
= 5.10 =+ 0.15. This value of U, at the lower boundary of the
lock-on region was 7.3 percent less than U*. The reduced
velocity at which lock-on occurs is not a function of the
vibration amplitude and is nearly equal to the critical reduced
velocity as it should be in order to correctly simulate unforced
cable strumming by forced excitation. The upper boundary of
the lock-on region increased linearly with a/d. Larger
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vibration amplitudes sustain lock-on over a wider Reynolds
number range. Griffin [3] notes in his summary report that
the Reynolds number range over which resonant vortex ex-
cited oscillations occur is directly proportional to the
vibration amplitude.

A combined analysis of Figs. 4 and 5 reveals that the
frequency at which the vortex shedding initially locked on to
the forced cable vibration frequency was the chief variable
that was changing with amplitude. The Strouhal numbers at
the upper and lower boundaries of the lock-on region are
plotted as a function of increasing vibration amplitude a/d in
Fig. 6 to examine how the frequency changed. For vibration
amplitudes below 11 percent, the data exhibited no sub-
stantial change, a result consistent with both Griffin’s [4] and
Koopmann’s {11] observations pertaining to vibration am-
plitude-related changes. They both noted that for forced
vibration amplitudes less than 10 percent, no measurable
increases in the correlation or coherence of the vortex
shedding along the cylinder span could be observed, and that
above 10 percent there was a measurable increase in the
correlation or coherence of the shedding.

For amplitudes greater than 11 percent the Strouhal
numbers defining the lower boundary of the lock-on region
decreased linearly with increasing a/d. This reduction in
Strouhal number with increasing a/d has been observed by
Woo et al. [21] in their experimental studies and by Sarpkaya
et al. [18, 19] in their numerical analyses. In the background
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section, it was noted that in the synchronization region, L,
varied inversely with a/d [2, 4, 5], the vortex strength in-
creased as L, decreased [2, 8, 9] and there was a constant
period of time available for the vortices to form. In the
present experiments the vortices were shed at a lower Strouhal
number because of the increased vortex strength. The vortex
strength was increased because each growing vortex was fed
circulation over a longer constant period of time. Davies [3]
found that there was a thirty-five percent increase in the
strength of the vortices shed from a D-shaped cylinder un-
dergoing forced synchronized oscillations. Sarpkaya and
Shoaff [19] numerically showed that as the strength of the
vortices in the near wake of a vibrating cylinder was: in-
creased, the Strouhal number decreased proportionally.

At the upper lock-on limit, the Strouhal number jumped to
a constant value (independent of a/d) slightly less (2.5
percent) than that found in uniform flow about a stationary
cable (St = 0.192). This result was consistent with one of the
observations listed by Sarpkaya [18] in his summary of the
primary consequences of synchronized shedding. He stated
that at the end of the lock-on range the vortex shedding
frequency jumped to a value governed by the Strouhal
relationship.

A plot of the centerline Strouhal number variation with
Reynolds number in the near wake of a stationary and
vibrating cable is presented in Fig. 7 to examine the range of
Reynolds numbers over which the vibration had significant
influence on the Strouhal number. The stationary Strouhal
numbers increased by 2.5 percent over the Reynolds number
range examined. Adjacent to the lower Reynolds number
boundary of the lock-on region (Re < 2.75 x 10%), the
Strouha! numbers associated with the vibrating cable were
centered around a constant value of St = 0.157 + 0.05. It will
be shown later that the formation length was substantially
reduced in this region also. The vortices were shed at a lower
Strouhal number because of the increased vortex strength
accompaning the decrease in L. It has been noted [18] that in
the regions adjacent to the lock-on region the vortex shedding
was intermittent between forced and unforced. The in-
termittency will also contribute to the increase in vortex
strength, thereby lowering the Strouhal number. At the upper
Reynolds number boundary of the lock-on region (Re > 3.85
X 103), the Strouhal number jumped to within 3.6 percent of
the non-vibrating Strouhal number, a result that was con-
sistent with those found in Fig. 6 and Sarpkaya’s [18] sum-
mary. The Strouhal number was slightly less than the un-
forced value because the intermittency between forced and
unforced shedding probably caused the vortices to be slightly
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stronger and the Strouhal number slightly smaller. The
formation lengths in this adjacent region were also
measurably less than those behind the stationary cable,
another indication that the vortices were stronger. At still
higher Reynolds numbers, the vibrating and stationary curves
merged, and the vibration no longer had an appreciable in-
fluence on the vortex strength, formation length and shedding
frequency.

The variation of the vortex formation length values in the
Reynolds number range, 1.8 x 10° < Re < 4.2 x 10%, was
studied using five different vibration amplitudes; a/d = 0.0,
0.099, 0.13, 0.176 and 0.255. Figures 8-10 present the results
obtained at a/d = 0.0, 0.99, and 0.255. Most of the ex-
perimentally measured values of the formation length were
reproducible to within 4.0 percent with a few extreme
values differing by 8.0 percent. Changes in the formation
lengths that can be related to increasing Reynolds number,
vibration amplitude variations, and synchronization will be
discussed presently.

The formation length values in the near wake of the
stationary cable are plotted in Fig. 8. The formation length
was highly Reynolds number dependent. Measurable dif-
ferences in the shape of the curve and magnitudes of the
values were evident when these near wake cable results were
compared with the smooth circular cylinder results (Fig. 1).
These differences were the result of the changes in the near
wake created by the helically wound cross section of the cable.
Between Reynolds numbers 2.0 x 10° and 1.0 x 104, the
cylinder and cable L, curves exhibited a decrease in L, with
increasing Reynolds number. The cable values were larger, 14
percent at 2.0 x 10% and 33 percent at 1.0 x 10% on both
curves, with L, = 1.32 behind the cylinder and L,/d = 1.75
behind the cable. The smooth cylinder values then remained
constant with Reynolds number out to Re = 1.5 x 10% while
the cable values increased with Reynolds number such that at
Re = 4.1 x 10%, the formation length was L,/d = 2.10. The
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helical cross section of the cable lengthened the vortex for-
mation region.

The major similarities and/or differences that were ob-
served when the four sets of vibrating-cable formation length
results were compared with the stationary cable results are
discussed below.

At Reynolds numbers below the synchronization region
centered around Re = 2.93 x 103, the vibrating cable for-
mation lengths were significantly less than the stationary
cable values. This vibration amplitude dependent reduction
was as expected, based on the analysis of the results presented
in Figs. 6 and 7. The strength of the vortices was increased
which suggested that the formation length decreased
correspondingly. At the two lowest vibration amplitudes, a/d
= 0.099 (Fig. 9) and 0.13 the Reynolds number-related
decrease in L, was preserved, although the vibrating cable
values were significantly smaller than the stationary ones. At
the two highest vibration amplitudes, a/d = 0.176 and 0.255
(Fig. 10), the Reynolds number decrease was obscured by the
larger vibration-induced changes, which made L, relatively
constant before the lock-on region.

The minimum formation length value, L,/d = 1.70, and
the Reynolds number around which it was centered, Re = 1.0
x 104, were not significantly influenced by the addition of
vibration. The five sets of results all overlayed each other with
minimal data scatter for Reynolds numbers greater than 1.0
% 10, signifying that the vibration had minimal influence on
the near wake shedding properties beyond this point.

When the four sets of vibrating cable formation length
results are compared, a significant synchronization related
phenomenon can be observed. A sudden increase in L;/d
occurs during perfect synchronization, at Re = 2.93 x 10
and U} = 5.50. The maximum value L ,/d approached during
synchronization was inversely proportional to the amplitude
a/d, a result consistent with previous observations where L /d
decreased with increasing a/d [15, 16, 21, 22].

Griffin [6] has shown that the base pressure and wake width
behaved similarly to the present L,/d data in the perfect
synchronization region. The values were strongly affected
during synchronization and returned to stationary values
shortly thereafter. Other authors have noted a sudden in-
crease in spanwise correlation of the phase of the shedding
18], fluctuation lift and steady drag forces [22], wake width
[20], and phase angle between the cylinder displacement and
maximum rms pressure on that side [22]. The sudden increase
in the vortex formation length during synchronized vibration
is directly related to the increase in hydrodynamic forces that
occurs during lock-on. In the background section of this
paper, the two modes of synchronized vortex shedding ob-
served by Zdravkovich were described. The vortices in the
upper synchronization range (f,,/f., > 1.0} were shed when
the cylinder was near its maximum amplitude on that same
side of the wake, whereas in the lower synchronization region,
the vortices formed on one side of the cylinder and were shed
when the cylinder was close to its maximum amplitude
position on the opposite side. The longer formation length in
the upper synchronization region was a direct result of the
increased stability of the shedding.

Summary

A summary of the significant results pertaining to the
effects of vibration on the vortex shedding in the near wake of
a marine cable is as follows:

Locked-on vortex shedding in the near wake of a forced
vibrating marine cable behaved similarly to that exhibited in
the near wake of a circular cross section cable undergoing
natural synchronization. The frequency range over which the
vortex shedding locked on to the cable vibration increased
proportionally with the amplitude of vibration.
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At the lower boundary of the locked-on region, the
Strouhal numbers and vortex formation lengths varied in-
versely with the vibration amplitude a/d, while the vortex
strengths varied in direct proportion to a/d. The reduced
velocity was independent of a/d. At the upper boundary the
vortex strengths, Strouhal numbers, and formation lengths in
the vibrating cable wake were virtually amplitude independent
and nearly equaled those values measured in the wake of a
non-vibrating marine cable. The reduced velocity increased
linearly with a/d.

Perfect synchronization occurred when the critical reduced
velocity was U* = 5.50, and was accompanied by a sudden
increase in the vortex formation length. This increase is
directly related to the increase in hydrodynamic forces
associated with unforced synchronized vibration. Shortly
after the end of synchronization the L, values returned to
stationary values. Other authors had found that the base
pressure, wake width, spanwise vortex shedding phase
correlation, and fluctuating lift and steady drag were also
strongly influenced during perfect synchronization and
returned to stationary values thereafter.
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Transient Starting Flow in a
Cylinder With Counter-Rotating
Endwall Disks

Spin-up from rest in a cylinder with top and bottom endwall disks rotating in op-
posite directions (2 and Qp are the respective rotation rate, but S|=Q7/Qg] <0) is
investigated. The sidewall is fixed to the faster-rotating disk. A finite-difference
numerical model is adopted to integrate the unsteady Navier-Stokes equations. We
consider a cylinder of aspect ratio 0(1) and minute Ekman numbers. Numerical
solutions are presented to show the transient azimuthal flow structures, axial
vorticity profiles, and meridional flow patterns. An azimuthal velocity front, which
separates the rotating from the nonrotating fluid, propagates radially inward from
the sidewall. The appearance of the front is similar to the front propagation in spin-
up in a rigid cylinder. As S decreases from zero, the direction of rotation in the bulk
of the interior fluid becomes the same as that of the faster-rotating disk. The
azimuthal velocities are still vertically uniform in the bulk of the interior. The scaled
time to reach the steady state decreases. The angular velocities of the interior fluid
near the central axis become very small. Under counter-rotation, the meridional
circulation forms a two-cell structure. A stagnation point appears on the slower-
rotating disk. During spin-up, the stagnation point moves from the sidewall to its
steady-state position. As counter-rotation increases, the radial distance traveled by
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the stagnation point decreases.

1 Introduction

The transient process of adjustment of a contained fluid
initially at rest to the impulsively-started spinning container
has been termed “‘spin-up from rest’’ [1, 2]. Knowledge of
this internal flow is needed in various applications [3-5], e.g.,
spin-stabilized liquid-filled projectiles and rockets, rotating
fluid machinery, chemical mixers, etc. We confine attention
to cylindrical containers of aspect ratio k/a~0(1) and we
consider situations in which the Ekman number E=p/Qh? is
minute, where a is the radius of the cylinder, 4 the height, »
the kinematic viscosity of the fluid, Q the rotation rate of the
container.

The basic analytical model for impulsive spin-up from rest
in a rigid cylinder was developed by Wedemeyer [6]. It has
been established that the most important process controlling
spin-up is the weak meridional circulation driven by Ekman
layers on the endwall disks [6, 7]. The azimuthal flows in the
interior are divided into two regions by a moving front, which
propagates from the cylinder sidewall to the central axis. The
nonlinear properties associated with the front propagation
were analyzed by several authors [8-11]. The overall fluid
adjustment in the interior is substantially accomplished in the
spin-up time scale 0(E~*Q~1). Spin-up from rest in a rigid
cylinder has since been investigated extensively.

The flow in a differentially-rotating cylinder, i.e., the top
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endwall disk rotates at 2, the bottom disk at Q;, and the
sidewall at Q, exhibits some qualitative differences from the
flow in a rigid cylinder. The final steady-state in a dif-
ferentially-rotating container is not a solid-body rotation;
there is a vertical motion in the interior sustained by the
Ekman suction (blowing) at the faster (slower) rotating disk.
Accordingly, the transient motion, which occurs between the
initial impulse and the final state, shows features
distinguishable from spin-up flows in a rigid cylinder. The
ratio of the rotation rates of the endwall disks, S=Q,/Q,,
emerges as a key parameter. For the special cases when one
disk is stationary (S=0.0), numerical investigations were
conducted for steady flow [12], and for both steady and
unsteady flow [13]. Recently, reference [14] presented
numerical solutions for the spin-up from rest for the
parameter range of 0.0 <S=1.0. It was demonstrated that as
the steady state is approached, the interior core fluid rotates
at a constant angular velocity which takes a value in-
termediate between Q1 and Qp. The transient flows are no
longer antisymmetric: about ‘the: cylinder middepth as S
deviates from unity [15]. These features are in qualitative
agreement with the predictions of the analytical model of [16],
which is a direct extension of Wedemeyer’s model [6].

The steady flow of an incompressible fluid confined be-
tween two- disks Trotating in- opposite directions, S
[=Q7/Q] <0, has been the subject of some uncertainty (see
[17], [18], and the papers cited in reference [19]). Dijkstra and
Heijst [19] recently: studied  both numerically and ex-
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Fig.1 Plots of scaled angular velocity v/rQ versus scaled time T at two
radial locations, R=0.50 and R =0.75, along middepth Z=0.5. (a) for
case C2 (E=4.34 x 10~ 4, $=0.0); (b) solid lines are for case C4
(E=4.34 x 10~ 4, 8§ = —0.83), and broken lines are for case C5 (E=1.0
x 102,58 = —0.83).

perimentally the steady flow between two finite, counter-
rotating disks enclosed by a cylinder. They considered a
cylinder of low aspect ratio (8[=Hh/a} =0.07) and the smallest
Ekman number used was E[=y/Q4%]=0.001, where Q is the
larger value of |Q;| and IQz1. They reported that owing to
the presence of the sidewall the physically realizable flows are
unique for the parameter range covered. Most significantly,
they showed that a stagnation point appears in the meridional
flow field at the slower-rotating disk under moderate and
strong counter-rotation. It was also found that for strong
counter-rotation a sizable portion of interior fluid at small
radii does not rotate or has a very small rotation rate.
Although the parameter range of [19] is restricted, [19]
provides definitive information vital to a proper un-
derstanding of the steady flow between two counter-rotating
disks. ’

We propose in this paper to examine the transient flows
occurring in spin-up from rest in a cylinder with counter-
rotating endwall disks. As was done in [19], the sidewall of the
cylinder is fixed to the bottom disk, i.e., Q¢ = Q4. The purpose
of this study is to gain knowledge on the transient process
whereby the steady flow between counter-rotating disks is
built up from the initial state of rest. In much the same way as
in [12-14], we acquired comprehensive flow data by
numerically integrating the unsteady Navier-Stokes
equations. The main thrust of this paper is to present the
details of (1) transient azimuthal flow structures, and (2) the
patterns of the meridional circulation, especially the transient
behavior of the stagnation point [19]. This paper reports only
the representative and physically illuminating results of the
flow computations.

2 Formulation

The governing equations are the unsteady, axisymmetric,
incompressible Navier-Stokes equations. Written in cylin-
drical coordinates (r, ¢, z) with respective velocity components
(u, v, w), those equations are standard and will not be
repeated here (see, e.g., equation (1) of reference [13]).

The initial conditions for the fluid are

u=v=w=0att=0, (1)
and the boundary conditions are ‘

Journal of Fluids Engineering

C10 00 0 -10 00 10
v/ra v/ra
Fig. 2 Vertica!l profiles of v/r2 at R=0.50 and R =0.75. Scaled times
are___,T=029;,____,T=075....... , T=1.40. (a) for case C2, (b)

for case C4, (c) for case C5. For plots in Figs. (b) and (c), the curves for
T =0.75 and for T = 1.40 overlap within graphical resolution.

u=w=0,v=ryatz=nh, 2)
u=w=0,v=rlyatz=0, A3)
u=w=0,v=alyatr=aq. )

To satisfy numerical stability requirements, the boundary
conditions at the central axis are applied at a small, but finite
radius r=r;. Thus, we have [20]

u=v=0,dw/dr=0atr=r;. (5)

We employed the finite-difference techniques to solve this
system of equations. The details of the numerical model
adopted, including the finite-differencing schemes, were given
in [20]. The reader is referred to [14] and [20] for a description
of the actual implementation of the numerical mode] for the
spin-up problems.

3 Results and Discussion

Computations were performed for the following five sets of
experimental parameters (rotation rates in rad/s):

Cl,E=4.34%x1074, Qr=0.211, Q5 =0.211, S=1.0;
C2,E=4.34x10"%, 0,=0.0, @, =0.211, §=0.0;
C3,E=4.34x10"4, Q;= —0.063, 253 =0.211, S= - 0.3;
C4,E=4.34%x10"%, Qr=—0.175, Qp =0.211, S= —0.83;
C5,E=1.00x107?, Q= —0.082, 13 =0.099, S= —0.83.

The dimension of the cylinder used was ¢=10.14 cm,
A =10.05 cm. The fluid was water with »=9.3x 1073 cm?/s
except for case CS for which »=1.0x10"2 cm?/s. These
values were chosen from the laboratory experiments of Hyun
et al. [10] for the spin-up in a rigid cylinder. Note that the
cylinder aspect ratio A/a is about unity.

The results of the computations are given in Figs. [-7. Since
251> 19,1 in the present calculations, the value of @ in the
figures is the same as Q5. The nondimensional quantities are
defined as R=r/a, Z=z/h, T=E"Qt.

(@) Azimuthal Flows. Figure 1 displays the temporal
variation of the azimuthal flows, plotted as scaled non-
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Fig. 3 Radial profiles of v/irQ along Z =0.5. (a) for case C2, and (b) for
case C4. In Fig. (b), the curves for T = 1.20 and for T =1.40 overiap.

50 ¢ (@ 507 (b)

R 10
Fig. 4 Radial profiles of the axial vorticity { along Z = 0.5. (a) for case
C2, and (b) for case C4.

(a) (b)

00
00 R 10

Fig. 5 Plots of the meridional stream function y for case C2. (a) at
T=0.30. Ymax =0.97, Ymin =0.0, Ay =0.2; (b) at T=1.40. Yy, =0.78,

Ymin =0.0, Ay =0.15. Values of y are normalized by ¥: E20a%h. ay
denotes the contour increment.

dimensional angular velocity v/rQ versus scaled time T, at two
radial locations along middepth Z=0.5. Figure 1(@) shows the
results for the case when the top disk is stationary (S=0.0),
and Fig. 1(b) for the case of counter-rotating disks (S=
—0.83). Plots depicting the spin-up in a rigid cylinder
(S=1.0) were presented previously (see, e.g., Fig. 1 of [10],
Fig. 1 of [14]). Figures 1(a) and 1(b) clearly demonstrate the
presence of the front. Ahead of the front, the fluid remains
nonrotating, and only after the passage of the front the fluid
begins to rotate.

Note that Fig. 1{a) for S=0.0, and the solid curves in Fig.
1(b) for S= —0.83, and Fig. 1 of [14] for $=1.0 all have the
same value for the Ekman number. Comparisons of these
figures reveal that the scaled angular velocity at a given
location and at a given time decreases as S decreases from
unity. For instance, at R=0.5, Z=0.5, and at 7=0.93, the
value of v/rQ is approximately 0.63 for S=1.0, 0.20 for
§=0.0, and 0.10 for S= —0.83, respectively.

Figure 1(b) shows that the angular velocity at a given point
increases as the Ekman number increases. This is attributed to
the increased influence of viscous diffusion effects as E in-
creases. A similar finding regarding the effect of E was ob-
tained for the case of a rigid cylinder ([10], [11], [14]).

The vertical structures of the transient azimuthal flows are
illustrated in Fig. 2. It is important to recognize that for all
values of S, the azimuthal flows are, to a high degree of ac-
curacy, uniform in the vertical direction in the bulk of the
interior. The structure of the bottom boundary layer remains
substantially unchanged as S decreases from zero.

94/Vol. 107, MARCH 1985

00

Fig. 6 Plots of y for case C3. (a) at T=0.014. Y pax =0.44, Yuin =
-~ 0.06, Ay =0.2; (b) at T=0.30. Y pax =1.00, ymin = —0.29, 4y =0.2; {c)
at T=0.82. Yqpax=0.85, yYmin=—0.18, Ay=0.2; (d) at T=1.40.
VYmax = 0.84, Ymin = —0.13, Ay = 0.2. Broken lines denote y =0.0.

00
00 R 1.0

Fig. 7 Plots of  for case C4. (a) at T = 0.30. Y yax = 1.05, Yymjn = — 0.86,
Ay =0.4;(b)at T =1.40. Y ax = 1.20, Y in = — 0.83, Ay =0.4.

Figure 2(a) for S=0.0 demonstrates that at the radial
location R=0.50, the value of v/rQ in the interior at large
times (see the curve for 7=1.40) approaching the steady state
is approximately 0.33. We note that the theoretical similarity
solution for steady flows between two infinite disks for S=0.0
in the limit E—0 yields v/rQ=0.313 in the interior core region
([17], [19]); the present calculations at large times are in
qualitative agreement with the similarity solutions. We expect
that, due to the presence of the rotating sidewall, the angular
velocity of the fluid confined in a finite cylinder tends to be
larger than the prediction of the similarity solutions for in-
finite disks; obviously, the similarity solutions become less
accurate at large radii (see the plots for R =0.75 in Fig. 2(a)).

Figures 2(b) and 2(c) show the angular velocity profiles for
strong counter-rotation of the disks (S= —0.83). It is im-
portant to observe that the azimuthal flows are still vertically
uniform in the main body of the interior. This is in contrast to
the steady flow profiles depicted in [19]. Figure 12 of [19]
shows that under strong counter-rotation (S= —0.825) the
steady-state azimuthal velocity varies continuously with
height from the bottom.to the top disk. We note two factors
for this apparent discrepancy. Figure 12 of {19} used E=0.01,
which is an order of magnitude larger than the value of E used
in the present computations. Therefore, for the flows in Fig.
12 of [19], the influence of viscous diffusion from the disks
would penetrate to a larger. distance into the main body of
fluid. In addition, we recall that the aspect ratio in [19] is very
small (§=0.07), whereas 6~ 1 for the present computations.
Because of the above two reasons; the viscous diffusive effects
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permeate over much of the flow field considered in [19],
producing an azimuthal velocity profile which varies con-
tinuously with height. On the other hand, for the present
computations, a substantial portion of the flow field outside
the disk boundary layers is essentially inviscid; therefore, the
azimuthal velocity is vertically uniform in that inviscid region,
as is demonstrated in Fig. 2(b) and Fig. 2(c).

Inspection of Fig. 2(a) and Fig. 2(b) indicates that as S
decreases from zero, the region near the top disk in which the
azimuthal velocity varies with height widens, and the angular
velocities in the bulk of interior decrease. Furthermore, the
scaled time to reach the steady state decreases under strong
counter-rotation.

Comparisons of Fig. 2(b) and Fig. 2(c) reveal the effect of
the Ekman number. As the Ekman number increases, the
overall spin-up process is facilitated due to the increased
influence of viscous diffusion. It is also to be noted that, as E
increases, the influence of the top disk penetrates deeper into
the fluid and, consequently, the region in which the fluid
rotates in the same direction as the top disk widens.

Figure 3 displays the radial profiles of the transient angular
velocities along middepth Z=0.5. The radially propagating
velocity front is clearly discernible in Fig. 3. It is shown that
the front takes 7~ 1 to reach the central axis. Figure 3(a) for
S=0.0 indicates that at 7=1.40, which is the largest time for
which the present computations were made, the azimuthal
flows are still evolving slowly with time. Under counter-
rotation (see Fig. 3(b) for S= —0.83), the steady state is
achieved over a shorter perioed of time than for §=0.0. As
was stated earlier, the angular velocities are very small in the
core region away from the sidewall during the entire spin-up
process under strong counter-rotation.

The radial gradients of the azimuthal flows are described by
the axial vorticity, ¢=(1/1)[(3/3r)(rv)], as shown in Fig. 4.
The vorticity is zero ahead of the front, and behind the front ¢
varies continuously from zero to the maximum value at the
sidewall. The values of nonzero ¢ are large at early times. This
points to the existence of large flow gradients caused by
vigorous spin-up flows concentrated behind the front [21]. As
time progresses, the spin-up flows are less concentrated and
the vorticity behind the front weakens accordingly. As was
seen in Fig. 3(b), under strong counter-rotation, the angular
velocity varies radially from very small values in the central
core region to unity at the sidewall. Therefore, the in-
tensification of the radial flow gradients, which are
represented by the ¢-distribution, is more pronounced in the
region near the sidewall, as S decreases from zero. Figure 4(b)
for S= —0.83 exemplifies this argument.

(b) Meridional Flows. In order to illustrate the
meridional flows, we introduce the meridional stream func-
tion , which is defined as w=(1/r(y/3z), w=
—(1/r)}0y/ar). In the ensuring figures, positive values of ¢
imply counter-clockwise circulation.

Figure 5 shows the y-plots for S=0.0. Since the top disk is
stationary, the bottom disk dominates the flow field. The
general patterns of the meridional circulation can be depicted
as follows. The fluid is sucked into the bottom boundary layer
over much of the length of the bottom disk. The return circuit
is in the sidwall boundary layer, whose thickness is scaled by
O(E* h). The top boundary layer expells the fluid into the
interior region, thus completing the circulation. Only counter-
clockwise circulation appears in the meridional plane, a flow
pattern referred to as the one-cell structure [19]. At early
times (see Fig. 5(a) for T=0.30), the meridional flows are
vigorous and, consequently, the spin-up proceeds at a fast
rate. The meridional circulation is concentrated in the region
near the bottom disk and near the sidewall. This meridional
circulation has not fully affected the region near the top disk
and near the central axis. At large times (see Fig. 5(b) for
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T'=1.40), the flows have approached the steady state. In the
interior, there is an almost uniform vertical flows sustained by
the Ekman suction (blowing) at the faster (slower) rotating
disk.

As S decreases below zero, several qualitatively distinctive
features are seen. Figure 6 shows the y-plots for moderate
counter-rotation (S= —0.3). Since Q51> 12,1, the interior
flows are controlled by the bottom disk. At very early times
(see Fig. 6(a) for T=0.014), the counter-clockwise circulation
begins to form near the lower right corner in the meridional
plane. At early times (see Fig. 6(b) for T=0.30), the counter-
clockwise circulation has grown and reaches up to the top
disk. We note that a weak clockwise ciculation has appeared
near the top because of the rotation rate of the top disk. Thus,
the meridional flows form a two-cell structure. A stagnation
line, along which ¢ =0, separates the two cells. The point
where the stagnation line meets the top disk was termed the
stagnation point [19]. At intermediate times (see Fig. 6(c) for
T=0.82), the stagnation point has moved toward the central
axis. At large times approaching the steady state (see Fig. 6(d)
for T=1.40), the stagnation point has advanced further
toward the central axis (approximately at R =0.5).

Under strong counter-rotation, the qualitative patterns of
the meridional flows are similar to those for Fig. 6. Figure 7
shows the y-plots for S= —0.83. Although 1Q4! is only
slightly larger than IQ+1, the meridional flows in the bulk of
the interior are dominated by the faster-rotating disk. The
clockwise circulation near the top disk occupies a small
region, but it is stronger than for moderate counter-rotation
(compare the magnitudes of ¢, and v, of Fig. 6 and Fig.
7). The presence of the stagnation line is apparent in Fig. 7.
However, under strong counter-rotation, the stagnation point
travels a smaller radial distance from the sidewall during the
spin-up process than under moderate counter-rotation.

In summary, Figs. 6 and 7 demonstrate that counter-
rotation of the disks creates the stagnation point on the
slower-rotating disk. During the spin-up process, the
stagnation point moves radially inward from the sidewall to
the steady-state position. As the strength of counter-rotation
increases, the steady-state stagnation point is located further
away from the central axis. This behavior of the steady-state
stagnation with increasing counter-rotation was pointed out
by [19], who made numerical computations and experimental
measurements of the steady flows.

4 Conclusion

The transient azimuthal flows are vertically uniform in the
bulk of the interior even under strong counter-rotation of the
disks. This is due to the very small values of the Ekman
numbers used and the cylinder aspect ratio 6~ 1. Similarly to
the case of a rigid cylinder, the azimuthal velocity front
propagates radially inward from the sidewall. The time scale
characterizing the overall spin-up adjustment is E-"Q~!. As
S decreases below zero, the following features are noted: the
angular velocities in the interior region away from the
sidewall become very small; the region near the slower-
rotating disk in which the azimuthal flows vary rapidly with
height widens; and the scaled time to reach the steady state
decreases. The spin-up process tends to be facilitated as E
increases. The axial vorticity behind the front increases under
counter-rotation, pointing to large radial flow gradients.

When S=0.0, the meridional flows form a one-cell
structure. Under counter-rotation, the meridional flows show
a two-cell structure; the stagnation line, ¢ =0, separates the
two cells. As spin-up proceeds, the stagnation point on the
slower-rotating disk moves radially inward from the sidewall
to the steady-state position. As counter-rotation increases, the

- radial distance traveled by the stagnation point during spin-up

decreases.
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A finite-difference scheme is developed for solving the boundary layer equations
governing the laminar flow about a rotating sphere which is subjected to a uniform

stream in the direction of the axis of rotation. Numerical results are presented for
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the meridional and azimuthal velocities and for the wall-shear-stress components.
Also, the angle at which the meridional velocity gradient normal to the wall
vanishes is given at values of the parameter Ta/Re’ ranged from zero (the

stationary sphere case) to 10000. As compared with the momentum integral
technique of Schlichting (8], the present scheme succeeded in obtaining solutions for
very considerably larger values of the parameter Ta/Re?.

Introduction

The flow on a body of revolution spinning about its axis,
which is parallel to a stream, is of importance in many
engineering applications. Examples of such applications are
the ballistics of projectiles with spin and the flow on the hub
of an axial turbomachine. The present paper deals with a
special case of this problem; namely, the flow around a sphere
rotating about its axis and simultaneously subjected to a
stream in the direction of the axis of rotation.

The limiting case which is a fixed sphere in a stream of air
has been theoretically investigated by Tomotika [1],
Tomotika and Imai [2], Frdossling [3], Scholkemeier [4], Rott
and Crabtree [5], Smith and Clutter [6], Sheridan [7], and
Schlichting [8]. In all these investigations [1-8] the boundary
layer simplifications were considered but, however, several
methods were utilized for obtaining the solutions. Momentum
integral techniques were used by [1, 2, 5 and 8], series
solutions were considered by [3 and 4], and combined finite-
difference-integral methods were utilized by [6 and 7].

On the other hand, limited putlications are available for
the case of a rotating sphere in an axial stream. Luthander
and Rydberg [9] considered the air drag on a rotating sphere
which is subjected to a flow in the direction of the axis of
rotation. Their results showed a considerable increase in the
drag with the ratio of the circumferential velocity to the free-
stream velocity (V,,/U,). Burgers [10] gave a few general
formulations for the same case. Similar results were obtained
by Schlichting [8] who investigated the laminar flow about a
rotating body of revolution in an axial air-stream by using a
momentum integral technique, Also, Parr [16] investigated
the boundary layer flow on a spinning body of revolution. For
the special case of a rotating sphere in an air-stream,
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Schlichting [8] obtained the separation point, the drag, and
the resisting moment for some values of the spin parameter
V,,/Us. The effect of rotary motion on the position of the
line of laminar separation on a sphere has also been computed
by Hoskin [11]. Both Schlichting [8] and Hoskin [11] found
that the separation point of the laminar boundary layer is
advanced at the rear hemisphere by the effect of rotational
motion.

In order to augment the information available on the
methods of solving the boundary layer equations governing
the case under consideration, a finite-difference scheme has
been developed and numerical results of this scheme are
presented here. Also, additional data to those available in the
literature concerning the flow details are given.

Governing Equations and Boundary Conditions

We consider the steady laminar flow of an incompressible
Newtonian fluid with constant physical properties in the
region outside a sphere which is rotating with constant
angular velocity about a diameter parallel to the flow
direction. The flow is assumed to be rotationally symmetric
about the axis of rotation. Let x, y, z be a rectangular cur-
vilinear fixed coordinate system as shown in Fig. 1. The x-axis
is measured along a meridional section, the y-axis is along a
circular cross section of the sphere by a plane perpendicular to
the axis of rotation, and the z-axis is at right angles to the
tangential xy-plane.

Under the above mentioned assumptions and in the absence
of of body forces, the boundary layer equations for the
problem at hand, as given by Schlichting [8], are:

Continuity equation;
ou u dar ow 2w
+

R + —_— —_ —
ax r dx az z+a

=0 (1)
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stagnation
point

Fig.1 Coordinate system

X-momentum equation:

du V2 dr du du*, d*u
-2 — =U? 2
ax roax " dz ax Vo @
y-momentum equation:
dv  uv dr v v
= =y 3
dx rodx v 0z rr ®

Equations (1) through (3) are subject to the following
boundary conditions:

at z=0 (sphere surface) and x >0,
u=w=0and v=uvy,
atz=0andx=0u=v=w=0
(stagnation point), @)
atz=dand x>0, u=u*,v=0,
and
atx=0,z>0w=w*andv=u=0.

It is noteworthy that the foregoing boundary conditions take
into consideration that far away from the surface of the
sphere (i.e., z=4) the flow is of a two dimensional potential
type. The two velocity components for such a two dimen-
sional potential flow are [12]:

a3
=U 1+
“ [ 2(a+z)3

&
—u., [1+ &
(a+2z)?

] sind,

w* =

] cosd,

Nomenclature

Fig-2 Numerical grid

3
and hence ug = 3 U, sind.

Introducing the dimensionless parameters given in the
nomenclature, equations (1-3) and the boundary conditions
(4) become:

144 . U dR Re aw ©Re w o )
X R dx 2 9oz 1+Z
144 Ta\ 2 dR R E19) dus U
——(—i)—~—+—eW =U§—
X Re?/ R dx 2 FYA dxX = azZ?
(6)
Vv UV dR Re . 3V 3V
Ut o o p W= =
ax TR ax T2 0Z = aZ2 @

sphere radius

dimensionless torque coefficient, 2M/pQ? a
dimensionless drag coefficient, 2D/ mpU2, a
frictional drag

number of steps of the numerical mesh network in
the X-direction

torque

= number of steps of the numerical mesh network in
the Z-direction

radius of a circular cross section of the sphere by a
plane perpendicular to the main stream direction
dimensionless radius of a circular cross section of a
sphere by a plane perpendicular to the main stream
direction,

2r
aRe
Reynolds number, 2U,, a/v
wall shear stress in meridional direction,
ou
© a—z 0

5
2

([ | I I

= 2 Ebﬁga

~
Il

;‘N
[l
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t, = wall shear stress in azimuthal direction,

v
13 oz o
T, = dimensionless: wall shear stress in meridional
direction,
t,VRe/2
pUZ,
T, = dimensionless wall" shear stress in azimuthal
direction,
t,NRe/2
Uz
4Q%qt
Ta = Taylor number, 2
u = meridional (x-direction) component of velocity
U = dimensionless- meridional: component of velocity,

u/Us
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atZ=0and X>0, U=W=0 h
Re
and V= — R,
2

atZ=0and X=0, U=V=W=0,
atZ=6* and X>0, U=U*

, ro®
]sm 9, V=0, and .

1
=14+ —
[ 2(1+2Z)3
at X=0(.e.,0=0)and Z>0, W=W*>

1
[1 (1+Z)3] and y=U

-/

The parameter Ta/Re?, which appears in equation (6), has
a physically significant meaning in that it represents the ratio
between the centrifugal and inertia forces.

Finite-Difference Representation of the Governing
Equations and Method of Solution

The numerical analysis and the method of solution which
will be used here can be considered as an indirect extension of
the original work of Rouleau and Osterle [13] to include the
case of rotating boundaries, and the work of El-Shaarawi and
Sarhan [14] to include the case of unconfined flows.

Figure 2 shows the numerical grid where the independent
variables are computed at the intersections of the grid lines
and (/, j) is a typical mesh point. Mesh points are numbered
consecutively with the / progressing in the radial direction
withi = 1,2,3,...,n+1 from the sphere surface, and the j
progressing in the meridional direction withj = 1,2, 3, ...,
m+ 1 from the stagnation point. At each meridional station j,
the number of radial increments 7 should be chosen so that
the uppermost point (i=#+ 1) lies in essentially undisturbed
fluid.

Replacing the derivatives by the appropriate finite-
difference representations [13-14], equations (5-7) and the
boundary conditions (8) can be written in the following

forms:
Uigr,jsn1 1 Ui jo1 — Uiy ;= Ui
2AX1'+‘/2
(Uis1,j+1 1 Ui j1)Re ,
: : cot(je Al
M+ Zpys] U-40)

Nomenclature (cont.)

+ IE Wict,jv1i—=Wijor | Re(Wipy ji + W, i41)

= 9
2 AZ 21+ 24l 0 ©
U i —U, [ Te Vi
Uy~ () o ety -89
AX; Re / 2[1+(—-1)AZ]
Re
Uinijr1 =Y 3. .
2 2 = — s AB)-3 fo
7AZ 2sm(1 0)+%Re cos(je Af)
Ui+l,j+l_2Ui,j+21+Ui—l,j+1 ’ (10)
(AZ)
V.1—-Vi, Re Vi +Vi
U, i Ly Py LT TR et — 14)A0
TAX, & VT i—naz V)
W Vit Vi =V, = Vie 1 Re
i 4AZ 2
_ Viewjor Ve, j = 2Vi j1 =2V ;4 Vi i+ Vi a1
2(Az)*
at Z=0i.e.,i=land X>0i.e.,j>1, h
U, ;=W ;=0,V;=sin[(j— 1)Af]
atZ=0i.e.,i=1landx=0i.e.,j=1,
U1,1 = V1,1 = W1,1_ =O,'
at Z=6*and X>0i.e.,i=n+1landJ>1,
1 N
U,,+,,j=[1+ m2(1+nm3JSln[0_l)A9]’ r (12)
Vn+1,j:0’
at X=0and Z>0i.e.,j=1landi>1,

Wii= “—"1——“‘ -
1T 1+ -1)AzZ)?
and Vi,l = Ui,l =0

]

J

It should be noted that the variables with subscript j+ 1, in
the finite-difference equations (9)-(11) represent the
unknowns and those with subscript j are knowns. Also,
applying the numerical stability theories summarized in [17]
shows that finite-difference equations (9-11) are consistent

u* = potential velocity component in the x-direction

= dimensionless potential velocity component in the x-
direction, u*/U,,

free stream velocity

S
o

azimuthal (y-direction) component of velocity at
any point
V = dimensionless azimuthal velocity component at any
point, v/Qa
vy = circumferential velocity at a point on the sphere
surface, Qr
V, = dimensionless azimuthal velocity component at a
point on the sphere surface, r/a
v,, = maximum circumferential velocity, Qa
w = radial (Z-direction) velocity component
W = dimensionless radial velocity component, w/ U,
w* = radial velocity component for potential flow
W* = dimensionless radial (z-direction) velocity com-
ponent for potential flow, w*/U,,
x = distance along the circular generator of the sphere’s

surface measured from the stagnation point

Journal of Fluids Engineering

dimensionless meridional distance along the surface
measured from the stagnation point, 2x/Rea
distance measured along a circular cross section of
the sphere by a plane perpendicular to the axis of
rotation

distance from the surface measured along the
normal to the wall in the radial direction
dimensionless distance perpendicular to the wall in
the radial direction, z/a

center angle measured from the axis of rotation
angular velocity of the sphere

dynamic viscosity of fluid

kinematic viscosity of fluid

meridional boundary layer thickness

dimensionless meridional boundary layer thickness,
6/a

N
1l

Fovs Do
LI N T O S T

Subscripts -

0 = onthe sphere surface
s = at separation point
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with the boundary layer equations (5-7) and are stable aslong  subscript j + 1) occurs, one of them is given approximately by
as Uis non-negative. . its value at the previous meridional step (with subscript /).
The foregoing finite-difference equations are linearized by  This is done so as to enable the equations to be numerically
assuming that, where the product of two unknowns (with  solved in the following manner.
The numerical solution of these equations is obtained by
T T T T T first selecting values of Re and Ta/Re2. Then starting with
14 30 ~ j=1 (stagnation line) and applying equation (11) for i = 2, 3,
Re = 10000 20 . .., n, we get (n— 1) simultaneous linear equations in (n — 1)
12 Ta/Re'= | 7 unknowns at the second meridional station (V,,, V3,5, . . -,
15 V,.). Solving these simultaneous linear algebraic equations
1,0 12 by any kind of matrix inversion techniques (Thomas’ method
10 [15] was used in our program), we obtain the unknown values
08 4 of Vs at all points of the second meridional station.
7 Similarly, using the computed values of ¥’s and applying (10)
o.6]. 4  withi=2,3,...,n, weobtain the unknown values of U’s at
5 the second meridional station (j=2). Using the computed
0.40 4 values of U’s and applying (9) withi =1, 2,3, ..., n, the
Zx10=2 values of W’s at the grid points of the second meridional
- - station are obtained. Repeating this procedure, we can ad-
Z vance, step by step, along the sphere surface until the
0 - L L - e separation point (at which 8U/3Z1, = 0) is reached.
8 deg. For the selection of »n at each meridional station (/) an
Fig.3(a) Meridional velocity development for Ta/Re? = 1 iterative type method is used. In this method the criterion of
solution is the asymptotic matching between the computed
meridional velocity distribution U and the corresponding
theoretical potential distribution U* within an arbitrarily

0.2

3 T T T T T T T T T
Zx10 | .

Re = 10000
60 Ta/Ré = §

_—— Potential Velocity

Re = 10000

L0 |
: Ta /Re’s 500 ® -

50
h K3 4o
A, Sy

°

35 30

3¢ ___

9 =15

20|

l L 1 L l
0 20 %0 60 80 100 0
8 deg. U

Fig. 3(b) Meridional velocity development for Ta/lRe? = 500 Fig. 3(c) Meridional velocity profiles forTalRe? = 5

T T T T T T T T 1 I

B Re = 10000 |
Ta/Ré = 5000

15°
30°
45°
~TET T
75°
93.3°

U :
Fig. 3(d) Meridional velocity profiles for Ta/Re? = 5000
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7udl Re =100C0 i
6 = 60°
50 ! i ;' ~——Potential vel. |
i ! !
[ N
°r of oo 8 8 § i
~g) -1 1 | =i wn
oo
30 gl i !
200
1ol
0 i I
U
Fig. 4 Effect of the parameter Ta/Re? on meridional velocity profiles
atf§ = 60 deg
T T T 11T 1 T [ Table 1 Comparison between the resuits of Schiichting [8]
104 4 and those of the present analysis for the dimensionless torque
- 4 coefficient and the separation angle
10z - Cym fs, degree
= B Ta/Re? Present Present
100l ] analysis Schlichting analysis Schlichting
0 0 - 107.0 108.2
. . 0.0625 0.513 0.517 106.5 108.0
Fosl 4 0.2500 0.257 0.256 106.2 107.3
® 0.5625 0.170 0.170 105.4 106.2
o | - 1.000 0.126 0.127 104.5 104.9
2 96| _ 1.4884 0.104 0.103 104.0 103.5
<<
a1 | at the separation point. For example, this final value of n
o2 O L L L reached 42, 52, and 64 for Ta/Re? = 10000, 5, and O,
" 5 10 50 100 500 1000 5000 10000 respectively. Due to space limitation, only a sample of the
TalRé results will be given here for the purpose of illustration.

Fig.5 Separation angle against Ta/Re? for Re = 10000

accepted accuracy of at least 0.005. In other words, the value
of n should be large enough so that the computed meridional
velocity distribution U is close in tangent at the uppermost
point (n-+1), within the arbitrarily chosen accuracy, to the
potential distribution U*, Thus the value of n depends on the
accuracy desired and the selection of # is more or less of a trial
process. For a given value of n, once the computations have
been carried out for the U’s and the asymptotic matching was
not attained, the value of n could be increased, the com-
putations again performed and the computed U’s accepted if
the asymptotic matching criterion is satisfied.

Results and Conclusions

The numerical calculations were carried out for Reynold’s
number of 10000, and for the spin parameter Ta/Re? ranging
from zero, the case of a stationary sphere, to 10000. It is
known that large gradients exist near the stagnation point and
also near the separation point (at which aU/dzl, = 0).
Therefore, near these two points the step sizes in the
meridional and radial directions were chosen to give Af = 0.1
deg and AZ =< 0.0005, respectively. However, far downstream
of the stagnation point and upstream of the separation point
the step size in the meridional direction was usually chosen to
give A0 = 1 deg, while that in the radial direction (Az) was
0.001. In all the computer runs the initial value of »n (i.c.,
value of n at j= 1) was chosen equal to at least 20 increments.
During computation the asymptotic matching criterion was
checked at each meridional station () and the value of n was
increased if necessary until # attains its final maximum value

Journal of Fluids Engineering

Development of the Meridional Velocity Component

Figures 3(a)-3(b) represent the developing meridional
velocity distribution U corresponding to values of the
parameter Ta/Re? = 1 and 500, respectively. In each figure,
curves corresponding to some selected values of the dimen-
sionless radial distance from the wall (Z) are drawn. Suf-
ficient values of this radial distance were selected so that
accurate reconstruction of velocity profiles, similar to those
presented in Figs. 3(c)-3(d), could, if desired, be carried out
by cross plotting. Examples of the developing meridional
velocity profiles are presented in Figs. 3(c)-3(d), each of
which corresponds to a specific value of the parameter
Ta/Re?. It is clear from these figures that the radial distance
from the sphere’s wall (Z) required for attaining the matching
between the computed velocity profile and the corresponding
potential velocity profile increases with the meridional
distance X (i.e., §). This means that the required number of
radial increments n increases with j and implies that the
thickness of the meridional boundary layer formed on the
wall increases with the meridional distance.

On the other hand, it is clear, from the aforementioned
figures, that the parameter Ta/Re? has significant effects on
the developing meridional velocity profiles. In order to show
such effects more clearly, the meridional velocity profiles are
redrawn in Fig. 4 at a selected meridional position (i.e., a
selected value of 6) for various chosen values of the parameter
Ta/Re?. It is evident that, at a given meridional position, as
values of the parameter Ta/Re? increase, the effect of the

rotating wall on the meridional velocity profile becomes

increasingly significant. At high values of Ta/Re? the fluid
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accelerates within the boundary layer as if there were blowing
from the sphere’s wall. Such a phenomenon may be attributed
to the fact that the higher the value of Ta/Re? the greater is
the centrifugal force and hence the more is the fluid trans-
ported by centrifugal action from regions close to the rotating
wall to adjacent regions, thus causing the acceleration of the
fluid within the boundary layer. .

Finally, it is important to know the effect of the rotary
motion on the position of the point of laminar separation at
_ which dU/38Z|, = 0 [8]. For the chosen Re = 10000, Fig. 5
gives the position of the separation point (6,) as a function of
the spin parameter Ta/Re?, From this figure it can be seen
that, over the investigated range of 0 < Ta/Re? < 10000 the
. separation point always lies behind the equatorial plane (8 >
90 deg) and shifts forward as the value of the parameter
Ta/Re? increases. This conclusion agrees with the conclusion

of Schlichting [8] that the displacement of the separation
point is due to the effect of centrifugal forces which, behind
the equatorial plane, have the effect of an additional pressure
increase in flow direction and therefore cause the separation
point to shift forward. In Table 1, the only tabulated results in
[8] for 6, are compared with the corresponding results of the
present analysis at same values of Ta/Re?. It is clear from this
table that 6, values of the present analysis agree, within less
than 1.5 percent, with those of Schlichting [8]. However, it
may be worth mentioning here that the calculation method of
Schlichting [8] fails for values of V,,/U, > 1.22 (i.e., for
values of Ta/Re? > 1.4884); the present method has suc-
ceeded in obtaining solutions for very considerably larger
values of Ta/Re? as can be seen from the present results.

Development of the Azimuthal Velocity Component

Figure 6(a) represents the developing velocity distribution V
corresponding to a value of Re = 10000 for a chosen value of